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In real-time computing systemstimely execution is a requirement o€orrect execution. Such
systems are widely found in robotics and autonomous vehicle applications, mobile spectrom-
etry of atmospheric aerosols, real-time hybrid simulation for natural hazards engineering,
and in prompt localization of transients such as gamma-ray bursts for time-domain and
multi-messenger astrophysicsElastic schedulingprovides a framework to adjust computa-
tional rates and workloads in systems for which timeliness cannot otherwise be guaranteed.
While originally proposed for periodic tasks executing on a single processor, elastic schedul-
ing has since been extended to sequential and parallel execution on multiple processors and

to earliest deadline rst scheduling of constrained-deadline tasks.

This dissertation expands the state of the art in elastic scheduling in three key directions.
First, it proposes and analyzes new algorithms for elastic scheduling with provably better
execution time complexity compared to the prior work, enabling better guarantees of timeli-
ness associated with adapting to new execution states. Second, it presents new extensions of
the elastic model to other common scheduling paradigms, including xed-priority schedul-
ing of constrained-deadline tasks and task systems for which execution semantics demand
that periods take harmonic values. Third, it considers the impact of adaptation on system
performance as a whole, and demonstrates how changes in task periods and workloads can

be realized to optimize expected system outcomes within the constraints of schedulability.
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In doing so, this dissertation paves the way toward a richer set of adaptive scheduling and

execution models in simulation, localization, and control applications.
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Chapter 1

Introduction

1.1 Overview

An increasingly connected world has driven rising demand for applications that respond
to events (e.g., user requests, a changing environment, or transient astrophysical phenom-
ena) in real time. Such applications are deployed on diverse system platforms, from those
highly constrained in size, weight, and power (SWaP) such as microrobots [139, 1, 103] and
satellites [30, 144]; to distributed systems such as those found in autonomous vehicles [82]
and avionics [65, 67, 57]; and even to large computing clusters and edge cloud infrastruc-
ture [164, 165].

Real-time systems must remain adaptable to the diversity of environments and platforms in
which they operate. For some applications, exogenous conditions drive dynamic workloads
and deadlines [68]. For example, real-time aerosol sampling, which may allow adaptive ight
patterns for atmospheric survey missions, has workloads that vary with the density of the
sampled patrticles, the vibrations of the enclosing chamber, and the changing re ectivity of
the chamber walls [169]. Gamma-ray burst (GRB) localization for prompt alerts to follow-up
instruments has a workload and deadline informed by the GRB's brightness, time pro le, and
spectral-energy distribution, none of which are known a priori [145]. Other applications are
built to be resilient in the face of component failure. For example, on a space-based compu-
tational platform, radiation damage might render a processor core inoperable. Nonetheless,
the system as a whole must remain operational, even in a degraded state.

Elastic real-time scheduling models provide a framework for dynamic task adaptation to
guarantee timely computation even on a system that becomes overloaded due to changes in
computational demand, temporal requirements, or resource availability. While prior work



has extended elastic adaptation to several scheduling models, key questions remain to be
answered.This dissertation expands the state of the art in elastic scheduling in
three primary directions:

1. It proposes and analyzes new algorithms for elastic scheduling with provably better
execution time complexity compared to those in prior work.

2. It presents new extensions of the elastic model to common scheduling paradigms.

3. It considers the impact of adaptation on system performance as a whole, and demon-
strates how elastic scheduling models can be constructed to optimize expected system
outcomes within the constraints of schedulability.

1.2 Background and Context

1.2.1 Real-Time Systems Scheduling

Real-time systems are computing systems for whi¢emporal and functional correctness are
equally important. In these systemstimely execution is a requirement otorrect execution;
therefore, schedulingcomputations to guarantee timeliness is a rst-class concern. For over
half a century, many such systems have been modeled using Liu and Layland's recurrent
task model [97]. Under this model, dask is de ned as a unit of repeated execution, e.g., the
reading of a sensor; the execution of a single time step in an earthquake simulation [63, 64];
or as we have discussed in prior work, the reconstruction of a single Compton-scattered
gamma ray from a GRB [30, 48, 144, 153, 171, 145, 147, 75, 47, 146, 76, 154]. Tasks are
characterized by:

~ A worst-case execution time (WCET) value representing an upper-bound on the time
to complete the computation of a single instance of the task, if uninterrupted on a single
processor core. We note that this is platform-dependent: a task's WCET depends on
the processor on which it executes.

" A period, representing the time between releases of repeated instances of the task. Un-
der \sporadic" task models, the period represents thminimum time between releases.
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" A relative deadline, representing the time, from its release, by which a single instance
of a task must complete. If an instance of a task must complete only before release of
the next instance, then the relative deadline is set equal to the period duration, and
the task is referred to as \implicit-deadline". However, if the deadline takes an earlier
value, we call it a \constrained-deadline" task (the relative deadline is constrained to
not exceed the period duration).

Uniprocessor Scheduling

A task's utilization is de ned as its worst-case execution time divided by its period; intu-
itively, this is the largest fraction of a single processor's time that it must use. For implicit-
deadline tasks, Liu and Layland [97] demonstrated that with preemptive xed-priority rate-
monotonic (RM) and earliest-deadline rst (EDF) scheduling, a set of tasks are schedulable
on a single processor if their total utilization does not exceed a given bound.

Preemptive RM and EDF scheduling have thus become common paradigms when imple-
menting schedulers and analyzing schedulability. Under RM, eatask is assigned a priority
according to its period; all jobs of a task with a larger period have a lower priority. Under
EDF, each instance, ojjob, of a task is assigned a priority according to its absolute deadline;
a job that must complete earlier is given a higher priority. When a job is invoked, if it has a
higher priority than the currently executing job, then it will begin to execute immediately;
the lower-priority job is said to be preempted For sets of constrained-deadline tasks, more
computationally-complex analysis is needed to verify schedulability.

Federated Scheduling

The increasing computational demand of many real-time applications motivates scheduling
strategies for task sets withintra-task parallelism Systems hosting multiple tasks, where
individual tasks may need to execute on more than one processor to meet their deadlines,
are becoming more common. Such systems can be increasingly found in autonomous vehi-
cles [82], computer vision systems [60], real-time hybrid testing environments [63, 64], and,
as we have shown, in satellite telescopes [144, 153, 171, 75, 146]. Deciding how to schedule



such tasks, i.e., how and when to allocate computational resources such that all execution
completes before its corresponding deadline, is a fundamental challenge for these systems.

Federated scheduling [94] | which has been used in real-world applications such as real-time
hybrid simulation (RTHS) [121] | proposes one approach to this problem: high-utilization
tasks (i.e., those with utilization exceeding 1) are each assigned a dedicated set of cores on
which they alone execute; low-utilization tasks are then scheduled on the remaining cores
using a multiprocessor scheduling algorithm for sequential tasks, e.g., partitioned EDF [12],
global EDF [52, 93, 5], or partitioned RM [46].

In this model, parallel tasks are represented as a set sdibtasks each of which must exe-
cute sequentially, i.e., an individual subtask cannot execute on more than one processor at
once. However, multiple subtasks may execute in parallel with one another, provided that
precedence constraints are satis ed: a subtask is said poecedeanother if it must complete

its execution before the other begins. If subtask precedes subtasiB, we also say thatB
succeedsA. The partial ordering induced by the precedence relation over the set of subtasks
naturally gives rise to a directed acyclic graph (DAG) with vertices corresponding to sub-
tasks. A directed edge connects verte& to B if and only if the corresponding subtaskA
directly precedes subtasiB, i.e., there is no other subtask that precedeB and succeed#\.

Each subtask is characterized by its individual worst-case execution time. The workload of
the parallel task is de ned as the sum of its subtasks' WCETS, i.e., the upper bound of its
execution time on a single processor core. A parallel task is also characterized bysjtan

or the total workload of the subtasks along the critical path of its DAG, where each vertex
is weighted by the corresponding subtask's WCET. In other words, the span represents the
upper bound on time to complete the task if given an in nite number of processors on
which to execute. For a parallel task characterized in this way, it is known to bEP-hard

to determine the minimum number of processor cores necessary for it to complete by its
deadline [159]. However, in [94], the authors demonstrate thatsa cient number of cores
can be computed in constant time given a parallel task's workload, span, and deadline.



1.2.2 Elastic Scheduling

The scheduling strategies and their corresponding analysis discussed above simply state
whether a set of tasks ischedulablg(i.e., whether the scheduling strategy guarantees that
every instance of every task will meet its deadline) oanschedulable A system for which
resources are insu cient to guarantee schedulability is said to be in anverloadedstate.
Traditionally, sets of recurrent workloads operate under a rigid model where their parameters
are assumed to be xed. If they are deemed schedulable, then the system may execute as
normal, but overload is to be avoided.

However, in many systems, the paradigm of de ning timing constraints as static task prop-
erties may be relaxed. To this end, elastic real-time scheduling models provide a framework
for dynamic adaptation of task utilizations in response to system overload (e.g., during on-
line mode changes or for admission of new tasks). The original model proposed by Buttazzo
et al. [39, 40] considers uniprocessor scheduling of implicit-deadline tasks. Using a physical
analogy, it represents each task's utilization as a spring. The task's \elasticity" re ects its
exibility to adapt its utilization to a lower quality of service; for example, a more impor-
tant task might be considered less elastic. The total length of the springs, placed end-to-end,
represents system utilization. If this exceeds the schedulable bound, a compressive force is
applied to the system. Each spring (and corresponding utilization) is compressed propor-
tionally to its elasticity until the total utilization no longer exceeds the bound or until the
task reaches its minimum serviceable utilization; task periods are adjusted accordingly.

Elastic scheduling has since been extended to multiprocessors [118], to EDF scheduling of
constrained-deadline tasks [44, 45, 13], and to federated scheduling of parallel real-time tasks
for which periods [120] and workloads [119] are compressed over continuous rangsswell

as tasks for which only a discrete set of candidate utilizations may be accommodated [121].

1.3 Contributions

This dissertation makes the following contributions to elastic scheduling of real-time systems.

lwe refer to tasks for which utilization compression is realized by extending periods asate-elastic
or period-elastic. If task workloads are reduced such that WCET decreases, we instead call them
computationally-elastic or workload-elastic



1.3.1 Extensions to New Scheduling Models
Fixed-Priority Scheduling of Constrained-Deadline Tasks

Buttazzo's elastic scheduling model in [39, 40] was originally formulated for implicit-deadline
tasks for which schedulability may be analyzed using the simple utilization-bound conditions
of Liu and Layland [97]. Under this model, task utilizations are simply decreased propor-
tionally to their \elasticity" until the total utilization no longer exceeds the bound.

For constrained-deadline tasks, the analysis is more complex | indeed, for RM scheduling
of constrained-deadline tasks, determining schedulability isP-complete [58], and for EDF
scheduling, it iscoNP-complete [59]. Nonetheless, the semantics of implicit deadlines do not
capture the temporal requirements of many systems. Consider a control application where
plant state is sensed at the instant a job is released, and a control signal is then computed
to be applied to the plant at some set time in the future. In [13], the authors consider
the control loop as an elastic task where increasing the period allows the control loop to
be executed less frequently, while nevertheless applying the control signal at the intended
instant relative to the sampled state. In this case, the task's deadline remains constant while
the period increases, making it a constrained-deadline elastic task.

While elastic models have been applied to EDF scheduling of constrained-deadline tasks
in [44, 45, 13], it has not yet been extended to constrained-deadline xed-priority scheduling.
While EDF is an optimal scheduling algorithm under many models, including for preemptive
uniprocessors [77], it is not implemented in many operating systems; for example, the seL4
microkernel provides only task-level xed-priority scheduling [102], and until version 3.14,
EDF was not available in the Linux kernel [51]. Furthermore, many priority-based shared
resource access protocols, such as the priority ceiling [135] and immediate priority ceiling [9,
38] protocols, assume task-level xed priorities. To this endhis dissertation extends
elastic scheduling to xed-priority constrained-deadline tasks.

Harmonic Periods

Many control systems, such as those found in robotics applications [92] and RTHS for struc-
tural integrity [121], demand harmonic rates among their constituent tasks. In applications



that capture and process frames from multiple sensing devices to be aggregated in backend
processing tasks, such as simultaneous localization and mapping (SLAM) [88] and real-time
mobile spectrometry [167], harmonic task periods guarantee consistent temporal alignment.

Furthermore, task sets with harmonic periods have hyperperiods equal to the largest pe-

riod [29, 130], which reduces the size of scheduling tables in time-triggered systems [83] and
constrains the test set in processor demand analysis [20].

Selecting harmonic periods from within acceptable intervals is nontrivial. Nasri et al. [112]
formalized the problem, and proposed an approach to solve it in time linear in the number of
tasks for restricted cases. In general, though, the algorithm's running time \can exponentially
grow." In [111], Nasri and Fohler identify another restriction of the problem that can be
solved in polynomial time, but they provide \no guarantee for reasonable computational
complexity” in general.

This dissertation extends elastic scheduling to sets of tasks with harmonic pe-

riod constraints.  Itis the rst to reason about the problem of assigning task periods from
continuous intervals such that(i) periods remain harmonic, whil€ii) respecting the relative
exibility of each task to adapt its utilization, but still (iii) guaranteeing the schedulability
of every task.

Federated Scheduling with Low-Utilization Tasks

Prior extensions of elastic models to federated scheduling of parallel tasks in [120, 119, 121]
consider high-utilization parallel tasks that must execute on dedicated cores. Under the
original federated scheduling model in [94], low-utilization tasks (those that individually
require only a single core) are scheduled concurrently on any remaining cores not allocated
to the high-utilization tasks. Therefore, to fully extend elastic scheduling to the federated
paradigm, a model must consider the allocation of computational resources to both low- and
high-utilization tasks.

However, the approaches in the prior work assume aed allocation of cores for high-
utilization parallel tasks These approaches do not consider that compression of utilization
over all tasks in the system may change the number of cores required by low-utilization



tasks. This dissertation extends the elastic frameworks for federated schedul-
ing to dynamically allocate cores during joint compression of both low- and
high-utilization tasks.

1.3.2 Elasticity to Optimize System Outcomes

One advantage of Buttazzo's elastic scheduling model is that the policy for assigning task
utilizations \is implicitly encoded in the elastic coe cients provided by the user (for exam-
ple, based on task importance)” [40]. In some applications, importance may be qualitative;
nonetheless, elastic coe cients are quantitative values, and the choice of values may deter-
mine system outcomes. In this work, we address questions about what the elastic constant
represents, and explore what it means to apply elastic compression to individual tasks or
even subtasks. Furthermore, we explore scenarios where elastic coe cients are insu cient
to capture the joint impact of task compression on system performance as a whole.

Selecting Elastic Constants

In [44, 45], it was shown that utilizations satisfying the elastic scheduling semantics of pro-
portional compression could be obtained by solving a quadratic optimization problem. By
mapping this problem onto the original elastic modelthis dissertation demonstrates

how to assign elastic constants to re ect the rst-order impact on system per-

formance loss associated with reducing the rate of each task. We demonstrate
this in the context of two applications: real-time aerosol monitoring in the fast integrated
mobility spectrometer (FIMS) [166] and simultaneous localization and mapping (SLAM) for
mobile robots and drones [42].

Subtask-Level Elastic Scheduling

Prior work on computationally-elastic parallel tasks [119] only considers the aggregate re-
duction of a parallel task's overall workload, and not the individual implications of reducing
the workloads of eachsubtask Changing the computational workload of each subtask may
fundamentally a ect quality of outcome (e.g., control performance, prediction accuracy, etc.)



in di erent ways; this has been discussed in the context of autonomous vehicles [7] and we
have shown this to be true for GRB localization [146].

Furthermore, individual changes in subtask workloads may a ect the task'span or critical

path length. The elastic model in [119] determines schedulability according to the approach
in [94] for federated scheduling, in which cores are allocated according to the workload, span,
and deadline parameters of each task. As it decreases task workloads, the model in [119]
holds the span constant. However, as a task's workload decreases, its critical path length
may also decrease as the workloads of the subtasks (or even the set of subtasks) along the
path changes, which further reduces the necessary allocation of processor cores to the task.
For this e ect to be captured, an elastic model must be cognizant of the DAG structure
induced by the precedence constraints among the subtasks composing each parallel task.

To this end, this dissertation proposes a new model of subtask-level elasticity

for federated scheduling of parallel tasks. Under this model, each subtask is assigned
a range of acceptable workloads and its own elastic constant. Elastic compression is thus
applied to the complete collection of both parallel task subtaskand sequential tasks in the
system to guarantee schedulability according to the resulting execution times and spans.

Utility-Driven Parameterized Compression

The existing semantics of elastic scheduling models may face important limitations when
applied to real-world task systems. Elastic compression scales the utilizations of tasks pro-
portionally to their elastic coe cients. This coe cient is meant to represent a task's im-
portance or relative adaptability. As we will show via problem transformation, this implies
mathematically that the coe cient captures a rst-order quadratic relationship between each
task's utility (or subtask’'s workload, in the case of subtask-level elastic scheduling) and the
quality or utility of system outcome.

However, these semantics might not capture second-order e ects and nonlinearities present
in the relationships between computational adaptation of tasks and subtasks and the results
they produce. For example, we have developed a real-time GRB localization pipeline to
enable prompt multi-messenger follow-up observations of transient bursts [144, 145]. The
pipeline consists of several stages, including event reconstruction, approximation of an ini-
tial source direction, and subsequent iterative re nement of the estimate. Compressing the
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workload of the event reconstruction stage by reconstructing fewer events also decreases the
workload of each re nement iteration; the two subtasks cannot be considered independently
of each other [145, 146]. We therefore argue that elastic scheduling should instead be re-
framed in the context of a richer family of optimization problems over multiple parameterized
degrees of freedom for which a task's workload or period can be adjusted within the con-
straints of schedulability. Toward this vision, this dissertation proposes an approach

for utility-driven parameterized workload adaptation of parallel tasks.

1.3.3 Improved Execution Time Complexity

Elastic scheduling algorithms realize compression of task utilizations by selecting, for each
task, a period or workload assignment. While elastic scheduling models are useful for adjust-
ing a prede ned set of tasks to be scheduled on a resource-constrained system, Buttazzo's
original model was primarily intended for use in dynamic and open systems where the set
of active tasks may change [39, 40]. Therefore, while it is always desirable to obtain e -
cient algorithms, it is especially important for elastic scheduling algorithms that adapt in
response toonline changes to have provable execution time bounds. In this dissertation, we
present several approaches that use more computationally-expensivee characterization

and setup steps to construct data structures that enable polynomial or pseudo-polynomial
time online adaptation.

Implicit-Deadline Tasks

The original algorithms in [39, 40] for elastic scheduling of implicit-deadline tasks on a unipro-
cessor execute in time quadratic on the number of task$his dissertation presents an
algorithm that executes in quasilinear time on the number of tasks, and in

linear time when a new task arrives or system parameters change.

Furthermore algorithms for elastic scheduling of implicit-deadline sequential tasks (i.e., tasks
that individually require no more than a single core to execute) on multiple processors have
been proposed in [118]. We extend our improved algorithm to two of the multiprocessor
scheduling paradigms discussed in that workuid scheduling andpartitioned EDF. Fluid

scheduling is an abstraction under which each individual tasks are assigned a fraction of
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a processor at each instance in time [19]. Partitioned EDF, which is more practical for
implementation [41, 121] assigns each task to a single processor, then schedules each processor
independently according to EDF [12].

The prior extension of elasticity to uid scheduling in [121] executes in time quadratic on
the number of tasks, while its algorithm for partitioned EDF is pseudo-polynomial in the
number of tasks, number of processors, and a selected parameter to tune the precision of the
result. On the other hand,this dissertation extends its quasilinear and linear-time

algorithms to both uid and partitioned EDF scheduling while also making other
improvements to the original algorithm for partitioned EDF elastic scheduling.

Harmonic Periods

As previously mentioned, selecting harmonic periods from within acceptable intervals is
nontrivial, indeed, Nasri and Fohler argue that the complexity of the problem grows expo-
nentially with the number of tasks [112]. Howeverthis dissertation demonstrates a
pseudo-polynomial algorithm for assigning harmonic periods to tasks , though it
proves that the problem likely cannot be solved in polynomial time.

Furthermore, while we show that the problem of elastic scheduling with harmonic periods
is NP-hard, we consider a natural restriction in many systems that enables e cient online
adjustment. In many multi-time stepping (MTS) applications such as decomposition of
RTHS [31] for natural hazards engineering, and in applications such as ORB-SLAM [110]
where front-end data collection tasks capture and process frames from sensing devices which
must be aggregated downstream, task periods must respect an a priori total ordering. Under
this restriction, this dissertation shows that a lookup table, generated o ine,

enables polynomial-time adjustment of task periods in response to changes in

available utilization.

Parameterized Adaptation for Dynamic Workloads and Deadlines

Many real-time systems run in dynamic environments where exogenous factors inform task
workloads and deadlines, which may not be known prior to job release. A job of a task
that would otherwise miss its deadline may adapt to remain schedulable by executing in a
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degraded state that reduces its workload. Under richer models of adaptation over multi-
ple parameterized degrees of freedom, immediately nding the optimal execution mode to
guarantee timely completion may be di cult.

To this end, we demonstrate an o ine approach for identifying the parameterized degrees
of freedom over which a task's workload can be adjusted, then characterize the impact of
workload reduction on response time and utility. This enables construction of a Pareto-
optimal surface over which e cient search, interpolation, and extrapolation enable online
selection of task parameters at time of job release. In doing gbis dissertation provides

an approach to bounded-time online utility-driven workload adaptation.

1.4 Organization

The remainder of this dissertation is structured as follows.

Chapter 2 proposes an algorithm for uniprocessor elastic scheduling of implicit-deadline
task systems that runs in time quasilinear on the number of tasks. It adapts the algorithm
for linear-time compression in response to admission of a new task or a change in available
utilization. It demonstrates, both through analysis of the algorithms and evaluations of
synthetic task sets, the execution time improvements that may be realized. Portions of the
chapter were published as \Linear Time Admission Control for Elastic Scheduling” in the
Springer Real-Time Systems journal [150].

Chapter 3 shows how to extend the algorithm in Chapter 2 to multiprocessor scheduling of
sequential tasks in the context of both uid scheduling and partitioned EDF. It also proposes
more e cient alternative implementations of the prior elastic algorithm for partitioned EDF
scheduling. It compares these implementations to the new algorithm, and evaluates the
tradeo s between task schedulability and execution time e ciency.

Chapter 4 extends the elastic model to xed-priority scheduling of constrained-deadline

tasks on a uniprocessor. It proposes and analyzes four algorithms toward solving the problem,
compares their performance through empirical evaluation, and suggests di erent scenarios
where each one may be applicable. Portions of the chapter were published as \Elastic
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Scheduling for Fixed-Priority Constrained Deadline Tasks" at ISORC 2023, winning the
best paper award [143].

Chapter 5 extends elastic scheduling to tasks with periods constrained to harmonic values.
It demonstrates that the problem of harmonic period selection from speci ed intervals can
be solved in pseudo-polynomial time, but likely not in polynomial time. It also demonstrates
that an application of elastic scheduling under these constraints P-hard. However, un-
der the restriction that an a priori total order is applied to task periods, it presents a
polynomial-time algorithm to adapt in response to changes in available utilization. This
chapter evaluates its algorithms in the context of synthetic tasks and two real-world applica-
tions: ORB-SLAM3 [42] and FIMS [166]. It discusses remaining limitations of these models
and suggests directions for future work. Portions of the chapter were published as \Elastic
Scheduling for Harmonic Task Systems" at RTAS 2024 [151].

Chapter 6 presents our model for subtask-level elasticity under federated scheduling. It
formulates a quadratic optimization problem to assign subtask workloads under the model,
and demonstrates two approaches to constructing it as a mixed-integer quadratic program
(MIQP) that can be solved by o -the-shelf tools. It also proposes a more e cient dynamic-
programming (DP) technique that can realize compression online with pseudo-polynomial
time complexity. It also shows how the DP-based approach can be applied to joint compres-
sion of low-utilization tasks. Finally, it evaluates the proposed techniques on large numbers
of synthetic task sets.

Chapter 7 presents our approach for workload adaptation over multiple parameterized

degrees of freedom to optimize utility within the bounds of schedulability. It discusses tech-
niques for online adaptation of highly-parallel fork-join tasks when workloads and deadlines
are not known prior to job release. It demonstrates and evaluates this approach in the con-
text of our GRB localization pipeline [144, 145], and presents additional optimizations such
as slack reclamation. Finally, it considers possible directions toward considering this ap-
proach as a more general collection of frameworks in which elasticity plays a part. Portions
of the chapter were published as \Parameterized Workload Adaptation for Fork-Join Tasks

with Dynamic Workloads and Deadlines" at RTCSA 2023 [146].

Chapter 8 concludes this dissertation. It discusses related work, placing our elastic models
in a broader context, and proposes many directions that this research may take in the future.
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Chapter 2

An E cient Algorithm for

Uniprocessor Implicit-Deadline Tasks

Portions of this chapter were published as \Linear Time Admission Control for Elastic
Scheduling” in the Springer Real-Time Systems journal [150].

2.1 Introduction

Existing work on elastic scheduling considers algorithms that compress (i.e., reduce) the
utilizations of tasks to guarantee schedulability on an otherwise overloaded system. While
such models are therefore useful for adjusting a prede ned set of tasks for execution on
a resource-constrained system, Buttazzo's original elastic scheduling model was primarily
intended to enable online adaptation in dynamic and open systems [39, 40]. Thus, it is
important for elastic scheduling algorithms to be bothe cient and provide bounded-time
complexity guarantees.

Under Buttazzo's model, each task is assigned a continuous range of utilizations at which
it may execute and a constant elasticity parameter that \speci es the exibility of the task

to vary its utilization" [39]. For implicit-deadline tasks on a uniprocessor, utilization-based
schedulability analysis deems a set of tasks schedulable if their total utilization does not ex-
ceed some bound. If a system is overloaded (i.e., if the total maximum utilization demanded
by all tasks exceeds the schedulable bound) then each task's utilization is compressed pro-
portionally to its elasticity until total utilization reaches the bound. Simple arithmetic over
each task's parameters determines the amount of compression necessatgwever if this
would reduce some task's utilization below its minimum, theidd) that task's utilization is
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xed to its minimum value, (2) the task is removed from the set of elastic tasks, arf@ the
compression algorithm is run again over the remaining tasks. Because this procedure may
repeat as each task reaches its minimum utilization, the total execution time is quadratic in
the number of tasks?

In this chapter, we present a modi ed algorithm for elastic scheduling of implicit-deadline
tasks on a uniprocessor that provides better execution time complexity. The key observation
is as follows. Given a task's range of allowed utilizations and elasticity parameter, we can
characterize the maximum \amount" of compression that can be applied before it reaches its
minimum utilization constraint. By sorting tasks (which takes quasilinear time) in order of
how quickly they will reach this constraint, any compression (e.g., when a new task arrives,
or when available utilization changes) can be achieved in linear time over the set of tasks. We
demonstrate thatthis allows for faster online adaptation compared to Buttazzo's

algorithm.

The remainder of this chapter is organized as follows:
" Section 2.2 develops the system model used in this chapter and provides necessary
background on uniprocessor elastic scheduling of implicit-deadline tasks.
" Section 2.3 presents our improved algorithm and proves its correctness.
" Section 2.4 empirically compares our proposed algorithm to Buttazzo's.

" Section 2.5 concludes the chapter.

2.2 Background and System Model

This section provides necessary background on real-time scheduling before introducing But-
tazzo's elastic scheduling model from [39, 40].

2When presenting the algorithm in [39], Buttazzo et al. suggest that it runs in quadratic time only when
tasks have minimum utilization constraints, and that it is otherwise linear. We note, on the contrary, that
tasks must be assigned a minimum utilization of at least 0; otherwise, the algorithm might assign negative
utilizations. We illustrate this in Example 1. Therefore, the algorithm cannot be guaranteed to have better
than quadratic time complexity.
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2.2.1 Uniprocessor Scheduling of Implicit-Deadline Tasks

Liu and Layland's recurrent task model has been a dominant scheduling paradigm in real-

time systems for over half a century [97]. Under their model, a system executes a set
= f 1; ;5 ngof ntasks. Each task ; is a unit of repeated execution, e.g., the reading

of a sensor; the execution of a single time step in an earthquake simulation [63, 64]; or as we

have discussed in prior work, the reconstruction of a single Compton-scattered gamma ray

from a GRB [30, 48, 144, 153, 171, 145, 147, 75, 47, 146, 76, 154]. Each repeated instance

of a task is referred to as a jobJ;; denotes thej™ job of task ;. A job is called active if

it has been released, but has not yet completed execution. Each tasks characterized by

the following parameters, which are illustrated in Figure 2.1.

Figure 2.1: An illustration of a task under the Liu and Layland [97] model. This is a
constrained-deadling| but not an implicit-deadline | task, since D; <T;.

" Ci: the worst-case execution time (WCET), which represents an upper-bound on the
time to complete a single uninterrupted job on one processor core. (This is platform-
dependent, since a task's WCET depends on the processor on which it executes.) We
may also refer to the WCET as the task'svorkload

" T;: the period, representing the time between jobs. If a jold;; becomes available
for execution at time rij, we call this the release time of the job. For periodic
tasks, the release times of subsequent jobs are separated by exadiljtime units,
e, rij riy 1= T;. For sporadic tasks, the period represents the minimum inter-
arrival time of jobs, i.e.,ri; ri; 1 T;. Sporadic tasks are commonly event-driven,
in which case the period represents the minimum time between event arrivals. For
Poissonian events without a minimum interarrival time, a period may nonetheless be
enforced explicitly (e.g., via interrupt masking [129]) or implicitly (e.g., due to dead
times in sensor readout electronics [154]).
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D;: the relative deadline, representing the elapsed time from its release by which any
single job of the task must complete. If johJ;; is released at timer;; , then we say its
absolutedeadlined;; is rij + D;. For implicit-deadline tasks,D; = T, i.e., every job

of a task must complete before the next job of the same task is released. Constrained-
deadline tasks are those for which the deadline may be shorter than the period, i.e.,
D; Ti. We may refer to the relative deadlineD; more simply as the \deadline," i.e.,

if we do not specify whether we are referring to theelative or absolutedeadline of the
task, the reader may assume the relative deadline by default.

From these parameters, we can also derive the utilizatiddy = C;=T, of a task ;. Intuitively,
this is the largest fraction of a single processor's time that the task must use.

For a collection of active jobs, a scheduling algorithm determines, at every instant in time,
which job should execute and on which processor. In this chapter, we consider two scheduling
approaches for execution on a single processor: preemptive xed-priority (FP) and preemp-
tive earliest-deadline rst (EDF).

Under task-level xed priority scheduling, eachtask is assigned a priority according to its
period. For implicit-deadline tasks, rate-monotonic (RM) scheduling | where all jobs of

a task with a shorter period are assigned a higher priority than those of a task with a
longer period | is an optimal xed-priority algorithm. Under EDF, on the other hand, each
individual job is assigned a priority according to its absolute deadline; an earlier absolute
deadline corresponds to a higher priority. EDF is optimal for implicit-deadline tasks. Under
both algorithms, if a job is released with a higher priority than the currently-executing
job, then it will preempt the execution and be serviced immediately. These concepts are
illustrated in Figure 2.2.

For uniprocessor scheduling of implicit-deadline tasks, Liu and Layland [97] demonstrated
that a set of n tasks ; are schedulable under RM or EDF if their total utilization
Uwum = ;U does not exceed a given bound. For EDF, that bound is 1. For RM, it is
n(2¥" 1), or 1 if periods are harmonic [84].
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(@) An example of RM scheduling. Because 1 has a longer period than »,, its jobs are always
scheduled at a lower priority. JobsJi.1 and J».1 are both released at time 0, sal,.; executes until
it completes at time 4. J1.1 is then able to execute for 6 time units until the release ofl,.» at time
10. J,.» executes until it completes at time 14, whereuponJ;.; can execute for its remaining 1 time
unit. At time 15, job Ji.» is released, and it executes until time 20 when it is preempted by the
release of jobJ,.3. Job J,.3 executes until completion at time 24, whereupon jobJ1.2 may execute
for its nal 2 time units, completing at time 26.

(b) An example of EDF scheduling. Unlike RM, or other task-level xed priority scheduling algo-
rithms, individual jobs are prioritized according to their absolute deadlines. When jobsJ;.; and
Jo.1 are released simultaneously at time 0,),.1 is prioritized because its absolute deadline at time
10 is earlier than that of J1.» at time 15. J,.1 executes for its complete 4 time units, whereupon
J1.1 begins to execute. At time 10 whenJ,.; is released with an absolute deadline of 20, it doesot
preempt J1.1, which is able to run until it completes at time 11. At this point, J2.» begins execution
and runs, uninterrupted, until time 15. Ji., is released at time 15 and begins to execute. It is still
executing at time 20 whenJ,:3 is released. Because both jobs have absolute deadlines at time 30,
J1.2 continues to execute until it completes at time 2, whereuponJ,.3 executes uninterrupted until
time 26.

Figure 2.2: An illustration of preemptive uniprocessor scheduling. We consider a set of
two tasks. Task ; has a WCET C,; =7 and a period T; = 15. Task , hasa WCETC, =4
and a periodT, = 10. These are implicit-deadline tasks; their relative deadlines are equal to
their periods.
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2.2.2 Elastic Scheduling

The elastic model for implicit-deadline tasks on a uniprocessor [39, 40] characterizes each
task ;=(C;; Umn; UM, U;; E;) by ve non-negative parameters:

Ci: The task's worst-case execution time.

UM The task's maximum utilization, i.e., its nominal value when executing at the
desired service level in an uncompressed state.

UmMmn: Its minimum utilization, i.e., a bound on the amount its service can degrade.

Ui: The task’s assigned utilization, constrained taJ™  U; UM (the value of this
parameter needs to be assigned prior to run-time).

" E;i: An elastic constant, representing \the exibility of the task to vary its utiliza-
tion" [39].

A task system = f ;;:::; ,g has a total uncompressed utilizatioJ'2 expressed as

sum

X
U max = Uimax (2 1)

sum
i=1
and a desired utilization Up representing the utilization bound allowed by the scheduling
algorithm in use. In the event of system overload, i.e., U2 > Up, the elastic model

sum
assigns a utilizationU; to each task ; according to these three conditions:

P
1. U = Up, ie, total utilization is set to the schedulable bound.

2. Any task for which E; = 0 is considered inelastic; this is equivalent to the case that

U_min = |Ymax
i i .

3. For all other tasks ; and ;, if U, > Uimin and U; > Ujm‘”, then U; and U; must satisfy

the relationship®
Uimax Ui _ Ujmax Uj

= - E
3For tasks | having E; =0, U; = Uirnin , and therefore the relationship needs not be satis ed.

(2.2)
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A task system for which such U; exist for all tasks is said to befeasible

Intuitively, this model represents each task as a spring, with a length corresponding to the
utilization U; and an elasticity corresponding tae;. The total length of the springs, placed
end-to-end, represent®y,m. If this exceedsUp, the schedulable bound, a force is applied to
the system that compresses each task's utilizatiod; proportionally to its elasticity, subject

to the constraint that the utilization remains no less than the speci ed minimumuMn 4 This
physical analogy is illustrated in Figure 2.3.

Figure 2.3: The physical spring analogy of Buttazzo's elastic model, reproduced from [37,
Figure 9.27] with modi cations to the labels. (a) shows the uncompressed task set, while
(b) illustrates the application of elastic compression to achieve schedulability.

Compression is then realized by adjusting each task's perid¢g according to its new utiliza-
tion, i.e., T, = C;=U.

4This statement holds true for inelastic tasks, asE; = 0 implies U™" = UM and therefore the utilization
is not reduced.
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2.2.3 Overview of the Prior Algorithm

Let denote a feasible task system withE; > 0O for all tasks ; 2 , and consider the
Ui values that bear witness to this feasibility (i.e., eaciJ; either equalsUM", or satis es
Equation 2.2). The tasks in may be partitioned into two classes | \aranle (those tasks
for which U; > U™" and which can therefore have their utilizations compressed further if
necessary) and fyeq (those for whichU, = U™M"; i.e., their utilizations are now xed).

It has been shown [39, Equation 8] that for each 2 \aianie , the utilization U; takes the
value

g=zymx Yum (U ) 2.3)
I Esum
where X
Usum = Uimax (24)
i 2 variable
and X
Esum = E; (2.5)
i2 variable

respectively denote the sum of th&J™® parameters and theE; parameters of all the tasks
in variable and X
= umn (2.6)

i2 fixed
denotes the sum of th&J™" parameters of all the tasks in feq .6 Given a set of elastic tasks
, the algorithm of [39, Figure 3] starts out computing U; values for the tasks assuming that
they are all in  aiape | 1.€., their U; values are computed according to Equation 2.3. If
any U; so computed is observed to be smaller than the correspondidgd™ then (D) that task
is moved from aiable 10 fixed ; @ the values ofUgym, Esum, and are updated to re ect
this transfer; and(@ U; values are recomputed for all the tasks. The process terminates if no
computed U; value is observed to be smaller than the corresponding™. It is easily seen

that one such iteration (i.e., computingU; values for all the tasks) takesO(n) time. Since

5Tasks ; with E; = 0 must have U, UM ; we assume this is done in a pre-processing step, with the
value of Up updated to re ect the remaining available utilization.

60Observe that equals the amount of utilization that is allocated to the tasks in  fyxeq ; therefore Up )
represents the amount available for the tasks in \arianie , and Usym (Up ) the amount by which the
cumulative utilizations of these tasks must be reduced from their desired maximums. As shown in the RHS
of Equation 2.3, under elastic scheduling this reduction is shared amongst the tasks in proportion to their
elasticity parameters: ;'s share is € =Esym)-
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an iteration is followed by another only if some task is moved fromyaiape tO0  fixes and
there aren tasks, the number of iterations is bounded from above hy. The overall running
time for the algorithm of [39, Figure 3] is thereforeéd(n?).

In his hard real-time computing systems textbook, Buttazzo presents a corrected and im-
proved version of the algorithm that avoids explicitly maintaining separate lists to track

variable  @nd  fixeq [37, Figure 9.29]. Nonetheless, the overall running time for the algorithm
remains quadratic in the number of tasks. For reference, we present a modi ed version of
this procedure in Algorithm 1. Notation has been modi ed to match our own.

Algorithm 1:  Elastic.Compression(; Up) (adopted from [37, Figure 9.29])
USTIIr?] T | Ci :-I-imax

if Up <U™Mn then return Infeasible

sum

forall P 2 do U Ci =Timax
do

Ufixed Oa Uvariable Oa Esum 0
forall ;2 do
if (Ei=0) or (T, = T™) then
| Uied  Usxea + Ui
else

Esum Esum + Ei

Uvalriable Uvariable + Ui
end
end

Ok True
forall ;2 do

if Ei>0or T, <TimaX then
Ui U™ (Uvariable  Up * Usixed )Ei=Esum
i G=Uu
if T, >T,m™ then
Ti Timax
Ok False
end
end

end
while Ok = False

return Feasible
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The same algorithm was also repurposed in [39] for admission control | i.e., for determining

whether a new task seeking to join an already-executing system could be admitted without
compromising feasibility, and if so, recomputing the utilization values for the new task as
well as for all preexisting ones.

Extensions to elastic scheduling that were proposed by Chantem et al. [44, 45] reformulate
the problem of determining the utilizations as a quadratic programming problem. This allows
the iterative technique in [39] to be applied to a more general class of problems. However,
this reformulation continues to have quadratic time-complexity.

In [39], Buttazzo et al. note that the quadratic time complexity is due to the enforcement
of constraints on minimum utilization. If tasks are not thus constrained, the algorithm can
run in linear time. Intuitively, we may consider that some tasks, representing non-critical
best-e ort computation, need not be characterized with minimum utilizations. However,
without these constraints, the algorithm in [39, Figure 3] can assign negative utilizations,
which we illustrate in the following example.

Example 1. Consider a set of implicit-deadline elastic tasks parameterized as in Table 2.1
that needs to be scheduled by EDF on a single processor.

| Task i [ U™ [ E; |

1 0.9 1
2 0.9 1
3 0.2 8

Table 2.1: Elastic Tasks Compressed to Negative Utilizations

The total uncompressed utilizationJJ 2 is 2:0 per Equation 2.1, but the desired utilization
is Up = 1:0 due to the utilization bound of preemptive EDF scheduling. Then, in the absence
of a constraint Uimin on the minimum utilization of each task, the utilizationJ; of each task

i will be assigned according to Equation 2.3:

20 1.0 1.0
== -- Ei - Uimax E

where Eq is calculated per Equation 2.5. ComputingJ; for each task j, we obtain the
following utilization assignments:

Ui = Uimax Ei

" U =09 01 1= 038
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" U,=09 01 1= 038

" Us;=0:2 01 8= 06

While this set of assignments does achieve a total utilization; U; = 1:0 equal to the desired
value Up, these assignments are not valid: a negative utilization does not have semantic
meaning.

Thus, the elastic problemwith minimum utilization constraints U™" is the only meaningful
expression of the problem in the context of task scheduling, even if the constraints are
set to O just for the purpose of enforcing non-negative utilization assignments. Therefore,
the algorithm in [39, Figure 3] cannot be guaranteed to have better than quadratic time
complexity in the number of tasks.

2.3 An Improved Algorithm

We now present our improved algorithm, which runs in time quasilinear on the number of
tasks. Let us rst de ne an attribute ; for elastic task ; as follows:
def Uimax Uimin
e __ 2.7
. = 27
We will prove a result (Theorem 1 below) that allows us to conclude that in the algorithm
of [39, Figure 3], tasks may be \moved" from \griane 10 sixeq IN Order of their ; parameters.

Assuming that the tasks are indexed such that; i1 foralli;1 1i<n, we can then
simply make asingle pass through all the tasks from ; to ,, identifying, and computing U,
values for, all the ones in g before any of the ones in \aiane - With appropriate book-
keeping (see the pseudo-code in Algorithm 2) this can all be done in a single pas©{m)
time. The cost of sorting the tasks in order to arrange them according to non-increasing
parameters isO(nlogn), and hence dominates the overall run-time complexity. Determining
feasibility and computing the U, parameters can therefore be done i®@(nlogn) + O(n) =
O(nlogn) time.

24



Admission control | determining whether it is safe to add a new task and recomputing
all the U; parameters if so | requires that the new task be inserted at the appropriate
location in the already sorted list of preexisting tasks | this can be achieved inO(logn)
time by implementing the list as a sorted iteratable data structure such as a balanced binary
tree. Once this is done, theU; values can be recomputed irfD (n) time by the pseudo-
code in Algorithm 2. Similarly, removing a task from the system and recomputing th¥j;
values also takeO(n) time. Furthermore, if Up changes | e.g., in response to changes in
available utilization due to dynamic resource reallocation | the sorted list of tasks and their
parameters do not change, and so thi; values can be updated in linear time.

Algorithm 2:  Elastic_Implicit _Uniprocessor( ; Up)

Input: A list of elastic tasks sorted in non-decreasing order of their; parameters
(see Equation 2.7) and a desired utilizatiotJp

Output: Feasibility and the list with computed U; values

14
15

16
17

1 Usym 0; Esum 0; 0
2 forall ;2 do
3 Usum = Usum + Uimax
4 Esum = Esum+ E;j
5 end
6 forall ;2 do
7| if ymax Lem o ) g gmin then
8 . Task ; is no longer compressible | it's in fixed
Ui Uimin . Since i2 fixed
10 + UMn - This additional amount of utilization is allocated
to tasks in fixed
11 if ( >Up) thenreturn Infeasible . Cannot accommodate the minimum
requirements
12 Usum  Usum U™ . Since ; is removed from \ariabie
13 Esxum= Esum Ei. As above| since ; is removed from \aiabie
else
Remaining tasks are all compressible (i.e., in variable )
U ymx Sem b ) g As per Equation 2.3
end
end

18
19

return Feasible
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Proof of Correctness
Theorem 1. If i 2 fixed and i i then j2 fixed -

Proof. Consider some iteration of the algorithm of [39, Figure 3] such tha and ; both
start out in  arianie , DUt  is determined to belong in sxq In this iteration. This implies
that U™" is at least as large as the value df; that is computed according to Equation 2.3:

Usum (UD )

U‘min U_max E.
l I Esum I
By algebraic simpli cation of the above, we have
Usum (UD ) Uimax Uimin

E E (2.8)
Note that the LHS of Expression 2.8 does not contain any term speci c tq and so is the
same for all the tasks in iane fOr this iteration, and that the RHS is simply ;. Since

i i (as per the statement of the theorem), we may conclude by the transitivity of
the  operator on the real numbers that the LHS of Expression 2.8 would also be j;
equivalently, the value oijm‘“ is no smaller than the value otJ; that is computed according
to Equation 2.3, and as a consequencg, too, should be moved to fiyeq - O

2.4 Evaluation

In this section, we compare the performance of our improved algorithm for elastic scheduling
of implicit-deadline tasks on a uniprocessor outlined in Algorithm 2 to the algorithm from
Buttazzo et al. [37, Figure 9.29] listed in Algorithm 1.
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2.4.1 Implementation

Evaluations are performed on a Raspberry Pi 3 Model B+, which has a Broadcom BCM2837B0
System on Chip (SoC) with a 4-core ARMv8 Cortex-A53 running at 700 MHzand 1GB

of RAM. We used version 6.1.21 of the Linux kernel, compiled for the ARMv7l 32-bit
ISA. We implement both algorithms in C++ and quantify execution time performance

by measuring elapsed processor cycles. We read directly from the cycle counter using a
custom driver and kernel module that enables access to the ARM performance monitor-
ing unit (PMU) from userspace. Algorithms are compiled statically using version 10.2.1
of the Gnu Compiler Collection (GCC) at optimization level OQ this allows us to avoid
undesirable instruction reordering, especially around reads to the cycle counter. To avoid
interference from other processes, we disable real-time throttling by writing1 to the le
/proc/sys/kernel/sched  _rt _runtime _us, isolate CPU core 3 from the scheduler, and run
our algorithms on that core at the highest real-time priority under Linux's SCHEBIFO
scheduling class.

Each task ; is represented as a data structuresfruct ) containing single-precision oating-
point representations ofU™®, UMn U;, and E;. The derived parameter ; from Equation 2.7

is also an attribute of the structure. For these experiments, we are only concerned with the
assignment ofU; values; we therefore do not represent the WCET,; or period T; of any
task.

For Buttazzo's algorithm (Algorithm 1), since we are considering only utilization assign-

ments, and not period updates, we do not implement Line 18. Line 3 is also not imple-
mented, as we assigtJ; U™ when task parameters are generated. Line 20 is imple-
mented asU;  UM" instead. Furthermore, all period-related checks (Lines 7, 16, and 19)
are converted to the equivalent comparison df; to U™" or Umax,

For our improved algorithm (Algorithm 2), we compare three implementations:

1. The set of tasks is implemented as an arraygtd::vector ), which is sorted prior to
executing the algorithm. Inserting or removing tasks takes linear time to move array

"The processor supports a CPU clock speed of 1.4 GHz. However, as noted in [26], this frequency cannot
be sustained continuously, and may lead to throttling and instability. To maintain predictability, we boot the
Raspberry Pi with a constant 700 MHz CPU clock speed, set the GPU to 250 MHz, and disable throttling.
Details can be found athttps://www.raspberrypi.com/documentation/computers/config_txt.html
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elements (and, in the case of insertion, to nd the location to insert to maintain sorted
order).

2. The set of tasks is implemented as a balanced binary treestd::set ), sorted by
i. Constructing the set takes quasilinear time, but subsequent insertion and removal
requires only logarithmic time, while enabling sequential iteration over tasks in sorted
order.

3. The set of tasks is implemented as a linked listgtd::list ), sorted by ;. Removing
a task takes constant time, but adding a task takes linear time to nd the location to
insert in sorted order.

2.4.2 Generating Task Sets

We generate sets of tasks; using the following methodology:

1. We consider sets of tasks, generating 10000 sets for each valuerofn 2{50.

2. Each set of tasks has a total maximum utilizatiorJJ ;% selected at random uniformly
from (1:0; 2:0] and a total minimum utilization UM" selected at random uniformly from

(0:0; 2:0].

3. We apply the Dirichlet Rescale (DRS) algorithm [70] to distribute the total maximum
utilization UZ2 in an unbiased random fashion across thg™® values for each in-

dividual task. We note that, in this context, the result should be equivalent to an
application of the earlier UUniFast and UUniSort techniques [24].

4. We then apply the DRS algorithm to distribute the total minimum utilization uZin
across the individualu™" values. DRS allows us to select these values uniformly from
the space of selections satisfying the conditions thdf the total , U™" equals the
speci ed UMIN and (ii) each valueU™" does not exceed the correspondirig™.

sum

5. Each task ; is assigned an elasticitj; at random, selected uniformly from the range
(0;1].
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2.4.3 Execution Time of Compression for Schedulability

We execute our implementations of Algorithms 1 and 2 for each set of tasks thus generated
to compress the set of tasks to a total utilization of D (to be EDF-schedulable on a single
processor). We measure execution time by reading directly from the cycle counter, reporting
elapsed CPU cycles. We separately measure the initialization and compression times for each
algorithm. For Buttazzo's procedure in Algorithm 1 , initialization involves computing the
umn value and checking whether it exceeddp, while compression is thelo . .. while loop

in the algorithm. For our improved algorithm in Algorithm 2, compression is thdorall loop
that iterates over tasks in order of their ; parameters. The dominant contribution to the
algorithm's execution time complexity is the sorting of tasks by their ; values; we therefore
include in initialization time both the computation of Ug,,, and Egm as well as the total
time to calculate each task's ; value and establish the sorted order. For the array and list,
the sort is performed over the complete data structure; for the binary tree, we insert tasks
individually as their ; values are calculated. The results allow us to answer the following

guestions.

Do the values selected for UM or UMIN a ect execution time?

For the 10000 sets of 50 tasks generated, we produce 3 scatter plots for the initialization
(\Init") and compression (\Compress") times of each implementation: these plot cycles
against the valuesullin = Ul - and the absolute distance between them,Um&  ymn
These are shown in Figure 2.4.We do not observe a signi cant dependence of
execution time on the minimum and maximum utilization of the task set . As
such, in our subsequent evaluations, we consider data in aggregate, rather than grouping by

utilization values.
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(a) Buttazzo Init. (b) Buttazzo Init. (c) Buttazzo Init.

(d) Buttazzo Compress. (e) Buttazzo Compress. (f) Buttazzo Compress.

(9) Improved Init: Array. (h) Improved Init: Array. () Improved Init: Array.

() Improved Compress: Array. (k) Improved Compress: Array. (l) Improved Compress: Array.
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(m) Improved Init: Tree. (n) Improved Init: Tree. (o) Improved Init: Tree.

(p) Improved Compress: Tree. (q) Improved Compress: Tree. (r) Improved Compress: Tree.

(s) Improved Init: List. (t) Improved Init: List. (u) Improved Init: List.

(v) Improved Compress: List. (w) Improved Compress: List. (X) Improved Compress: List.

Figure 2.4: Execution times by utilization metrics for 50 tasks.
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How well does our improved algorithm perform in reality?

We separately measure the mean, median, and maximum execution times to initialize (\Init")
and compress (\Compress") the 10000 sets of tasks generated for each siZeom 2{50.
These times, as well as the total, are reported in Figure 2.5.

As expected, the time to initialize Buttazzo's algorithm (Algorithm 1) is much faster than
our improved algorithm (Algorithm 2), which has to sort tasks by their ; values. Of our
three implementations of our algorithm, the linked list was the slowest to initialize, while
the array was the fastest; we assume that this was due to the data locality and simplicity of
managing the data structure.

Also, as expectedthe compression time for Buttazzo's algorithm was much longer

than for our algorithm . On average, the array tended to be the fastest, followed by the
linked list, followed by the binary tree® This makes sense; while all three data structures
enable linear time traversal, the array is the simplest to iterate (in xed-size strides) and has
the best data locality; the linked list is still simple, but requires following pointers between
nodes, and does not have as good of locality; and the binary tree requires even more complex
pointer chasing.

Most interesting, we observe that our algorithm does not strictly dominate Buttazzo's algo-
rithm in total running time. In fact, in the average case, Buttazzo's algorithm performs better
because of the low initialization overhead. In the worst case, both Buttazzo's algorithm and
the array-based implementation of our algorithm dominate the other two implementations,
but neither clearly dominates the other. This is partially explained by the fact that the
compression times for Buttazzo's algorithm grow roughly linearly with the number of tasks,
rather than quadratically, for sets of up to 50 tasks. Under non-pathological cases, the outer
loop (Line 6 of Algorithm 2) of Buttazzo's algorithm only runs a handful of times.

8We do not observe a signi cant di erence in the trends of worst-case compression times versus number
of tasks between each of the three implementations.
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(a) Mean Init Times. (b) Mean Compress Times. (c) Mean Total Times.

(d) Median Init Times. (e) Median Compress Times. (f) Median Total Times.

(g9) Max Init Times. (h) Max Compress Times. (i) Max Total Times.

Figure 2.5: Performance scaling with number of tasks.
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Nonetheless, we argue that our algorithm is better in practice. While there is not a clear
advantage to using our algorithm to perform compression over a complete set of tasks,
there is no cleardisadvantageeither. Furthermore, our algorithm performs better in
situations where initialization has already happened , €.9. for online adjustment in
response to changes in available utilization. In this case, when only compression needs to
occur, associated overheads are summarized in Table 2.2. The worst execution times that we
observed for the array-based implementation of our algorithm were4% faster than those

of Buttazzo's algorithm when just compressing tasks.

Buttazzo | Binary Tree Linked List Array
mean 51380| 11157 (4.61) | 9617 (5.34) | 8616 (5.96)
median 54315| 11175 (4.86) | 9629 (5.64 ) | 8626 (6.30)
maximum 97342| 36231 (2.69) | 31984 (3.04) | 28202 (3.45)

Table 2.2: Greatest mean, median, and maximumompression times (cycles) observed for
up to 50 tasks. Values in parentheses indicate speedup compared to Buttazzo's algorithm.

Furthermore, as we will demonstrate, there is a clear advantage to using our algorithm during
online admission of a new task.

2.4.4 Execution Time of Task Admission

We modify our implementations of Algorithms 1 and 2 to measure admission of a single task.
For the sets ofn tasks of size 2{50 that we already generated, we apply each algorithm to
the rst n 1 tasks. We then measure the time to compress them after adding the nal task
from the set. For Buttazzo's algorithm, this requires rerunning the completelo ... while
loop. For our algorithm, this requires’I) computing the value ; of the new task ; according
to Equation 2.7, then(2) adding its utilization and elasticity to Us,m (Equation 2.4) and Esm
(Equation 2.5) or (Equation 2.6), as appropriate. The task is then (3) inserted into the

sorted container, before nally(4) executing theforall loop in Algorithm 2.
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(a) Mean Admission Times. (b) Median Admission Times. (c) Max Admission Times.

Figure 2.6: Execution time for admitting then" task.

Results are illustrated in Figure 2.6. We observe that, when admitting a new task, all
implementations of our improved algorithm dominate Buttazzo's algorithm for more than

3 tasks in the average case, and more than 10 tasks in the worst case. The array (which
enables logarithmic time search for the location to insert the new task, then requires linear
time to perform the insertion) performs the best on average, followed by the balanced binary
tree (which allows logarithmic-time insertion, but requires pointer chasing), then the linked
list (which allows constant-time insertion after linear time search for the insert location).
Overheads and speedups are summarized in Table 2.3. The array-based implementation of
our algorithm admits tasks 253 faster than Buttazzo's algorithm in the worst case.

Buttazzo | Binary Tree Linked List Array
mean 28165| 13246 (2.13) | 16704 (1.69) | 11043 (2.55)
median 27931| 13274 (2.10) | 16698 (1.67 ) | 11053 (2.53)
maximum 79967| 39213 (2.04) | 41044 (1.95) | 31566 (2.53)

Table 2.3: Greatest mean, median, and maximum taskdmission times (cycles) observed
for up to 50 tasks. Values in parentheses indicate speedup compared to Buttazzo's algorithm.

2.5 Conclusions

In this chapter, we have presented a new approach to elastic scheduling of implicit-deadline
tasks. Our proposed algorithm, listed in Algorithm 2, achieves compression in time quasi-
linear in the number of tasks. Furthermore, it runs in linear time when adjusting online to
dynamic changes in system state, e.g., during admission of a new task, or when available
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utilization decreases. Compared to Buttazzo's algorithm in [39, 40], which runs in time
guadratic in the number of tasks,our approach has better time complexity.

In practice, we have demonstrated that Buttazzo's original algorithm [37, Figure 9.29] for
elastic scheduling [39, 40] is signi cantly slower to compress tasks compared to our proposed
approach in Algorithm 2. However, initializing a sorted data structure dominates the exe-
cution time of Algorithm 2. As a result, for smaller numbers of tasks (up to 50), there is
no clear advantage to using our algorithm over that of Buttazzo (or vice versa) to compress
complete task sets for schedulability.

However, we observed thabur algorithm achieves signi cant speedup during ad-

mission of new tasks. Because admission control involves online scheduling decisions, it
is especially important that its overhead remains bounded. Therefore, in situations where
initialization has already occurred | e.g., during admission of a new task or in response
to changes in available utilization | Algorithm 2 is signi cantly faster than Buttazzo's
approach. As these are more likely to be the scenarios encountered during dynamic online
scenarios where the adaptation must have predictably low overheads, our proposed approach
has clear advantages.
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Chapter 3

E cient Algorithms for

Multiprocessors

3.1 Introduction

Buttazzo's elastic scheduling model [39, 40] only considerashiprocessor scheduling of
implicit-deadline tasks. The growing prevalence of multicore CPUs, even in embedded plat-
forms, have enabled the deployment of applications that utilize the increase in available
processor resources. This has prompted a growing body of work in the analysis of algo-
rithms that schedule sets of sequential tasks amultiple processors

Though recent advances in multicore embedded platforms have made lightweight, low-cost,
yet very capable systems highly accessible, constraints on size, weight, and power (SWaP)
nonetheless often limit the number of tasks that can be safely scheduled on such systems. Orr
and Baruah therefore extended elastic scheduling theory to multiprocessors [118], enabling
task systems to adapt to overload on multicore platforms. They considered both the global
and partitioned scheduling paradigms, proposing algorithms for elastic scheduling of tasks
under the uid [19], global EDF [93], PriD [69], and partitioned EDF schedulers [99]. Their
model retains Buttazzo's semantics of proportional compression, with constraints on each
task's minimum utilization. However, instead of compressing to a utilization bound, they
extend the model to apply compressionntil the system is schedulabjethis provides more
generality for multiprocessor scheduling models for which feasibility is not simply veri ed
according to total utilization.

Orr and Baruah evaluate the ability of elastic scheduling to nd feasible utilization assign-
ments for each considered scheduling paradigm; however, they do not assess the execution
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time of their proposed algorithms. In this chapter, we consider two of the multiprocessor
elastic algorithms they extended | uid and partitioned EDF scheduling | with the goal

of improving their execution time performance. The intention of this chapter is to use em-
pirical evidence to provide guidance toward the selection of an appropriate elastic scheduling
approach in the context of given scenarios.

Under the uid abstraction, a set of tasks is deemed schedulable(ij their total utilization
does not exceed the number of processor cores, gyl no individual task's utilization
exceeds 1. We therefore demonstrate that it is straightforward to extend our improved
algorithm for implicit-deadline elastic scheduling | Algorithm 2 in Chapter 2 | to uid
scheduling by using the number of processor cores as the utilization bound.

Partitioned EDF scheduling is equivalent to the bin-packing problem, and is therefore NP-
hard [99]. Orr and Baruah extend elastic scheduling to partitioned EDF by introducing

a term representing the \amount" of compression to be applied to the task system [118].
They iteratively increase this term at a speci ed granularity, at each step checking feasibility
using three bin-packing heuristics; if any one succeeds, the algorithm terminates. We consider
three alternative approaches. First, the order in which heuristics are attempted is modi ed
according to their ability to nd a suitable partition. Second, we employ a binary, rather
than iterative, search over the space of possible compression constrained by the minimum
utilizations of each task. Third, using the insight that under partitioned EDF scheduling, a
set of tasks is guaranteed to be schedulable if its utilization does not exceed a function of
the number of cores, we apply Algorithm 2 for compressing to this utilization bound.

For each proposed approach to elastic scheduling for partitioned EDF, we compare the trade-
0 s imposed by faster, yet more pessimistic, compression. Through extensive evaluation, we
demonstrate that using a binary search over the amount of compression, while changing the
application of partitioning heuristics, improves execution time without signi cant overcom-
pression. Furthermore, applying Algorithm 2 may be bene cial when rapid adaptation is
necessary.

The remainder of this chapter is organized as follows:

" Section 3.2 develops the system model used in this chapter and provides necessary
background on existing elastic models for uid and partitioned EDF scheduling.
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Section 3.3 discusses the straightforward application of our improved algorithm for
elastic scheduling of implicit-deadline tasks on a uniprocessor (Algorithm 2) to uid
scheduling.

Section 3.4 proposes three alternative approaches to elastic scheduling of partitioned
EDF tasks.

Section 3.5 evaluates these in the context of Orr and Baruah's original partitioned EDF
algorithm [118].

Section 3.6 concludes the chapter.

3.2 The Multiprocessor Elastic Scheduling System Model

In [118], Orr and Baruah extended elastic models to scheduling of sequential, implicit-
deadline tasks under the global and partitioned multiprocessor scheduling paradigms. In
these models, tasks are parameterized as in Section 2.2.2. But unlike Buttazzo's original
elastic scheduling model [39, 40], tasks are provided multiple processor cores on which to
execute.

We state the problem as follows: Given a set ofn implicit-deadline tasks to execute
preemptively onm cores, assign the maximum utilizationU; to each task ; that satis es
these conditions:

1. The task system is schedulable om cores according to the selected algorithm.

2. Any task for which E; = 0 is considered inelastic; we consider this equivalent to the
case thatumn = ymax,

3. For all other tasks ; and j, if Ui > U™ and U, > U™, then U; and U; must satisfy
the relationship of Equation 2.2.

Conditions (2) and (3) match those of Buttazzo's model (listed in Section 2.2.2). Notice,
however, that condition (1) has become more general to capture the semantics of multipro-
cessor schedulability, while remaining applicable to a single processomit1.
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In [118], Orr and Baruah extended elastic scheduling to the uid, global EDF, and PriD
global scheduling paradigms, as well as to partitioned EDF. Under global multiprocessor
scheduling of recurrent tasks, individual tasks are not restricted to executing upon speci c
processors. Instead, any active job may execute upon any available processor, and a pre-
empted job may later resume execution on a di erent processor. This di ers from partitioned
multiprocessor scheduling, under which each task is assigned to a speci c core in many-to-
one fashion. In other words, jobs from a single task can only execute on the single core to
which they are assigned, but multiple tasks may be assigned to the same processor.

3.2.1 Fluid Scheduling

Under the uid scheduling paradigm [19], individual tasks are assigned a fractioh of a
processor at each instant in time. Implementations exist to approximate it, e.g., under the
RT-FAIR scheduling framework in LITMUS”RT [41]. It is a convenient abstraction that
considers a set of tasks; to be schedulable onim cores so long as the following conditions
hold:

P
1. The total utilization ; U; of does not exceedm.

2. The individual utilizations U; of each task ; do not exceed 1.

Orr and Baruah [118] demonstrated a straightforward extension of Buttazzo's model [39, 40]
to uid scheduling. So long as the maximum utilizationU™® for every task ; does not
exceed 1, a simple application of [39, Figure 3] (reproduced as Algorithm 1) with = m will
assign the correct utilization to each task.

3.2.2 Partitioned EDF

While uid scheduling is a convenient abstraction, it often remains impractical in real sys-
tems [118]. Partitioned scheduling provides a more practical paradigm. Under partitioned
EDF scheduling, each task is assigned to a single processor core, though each core may be as-
signed multiple tasks. On an individual core, jobs are prioritized according to their absolute
deadlines | in other words, each core schedules its tasks in an EDF manner independently
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of the other cores. The problem of deciding whether a set of tasks are schedulablenon
cores under partitioned EDF can be stated as follows:

Given a set of n tasks j, each having utilization U;, is there a partition of tasks
into m sets such that the sum of utilizations in any set does not exceed 17?

This is equivalent to the bin-packing problem, and is therefor&lP-hard in the strong sense.
Nonetheless, there exist heuristic algorithms to solve bin-packing problems, and Lopez et al.
have compared several in the context of partitioned EDF scheduling [99].

The elastic version of the problem, proposed by Orr and Baruah [118], applies this statement
of partitioned EDF schedulability to condition (1) listed above for multiprocessor elastic
scheduling. They observe that the degree by which compression is applied to a task system
can be quanti ed by the relationship in Equation 2.2. In doing so, they introduce a term

that is representative of this relationship, and express the utilizatiotJ; of each task ; as:

U() £ max U™ E;;umn (3.1)

The value of beyond which the utilization U; of task ; takes its minimum valueU™ can
therefore be derived as follows:

Uimax Uimin

Ei
which is equal to the value ; in Equation 2.7. As such, we may hereafter refer to;
interchangeably as "®. For a complete set of tasks we also de ne the term ™ as the
maximum compression that may be applied to the task system:

Uimin — Uimax E i I —

max min
max  def Ui Ui

xS =max () (3.2)
The problem of elastic scheduling under Buttazzo's model [39, 40] can therefore be reduced
to the problem of nding the minimum value of for which a set of tasks are schedulable.
When applied to partitioned EDF scheduling, Orr and Baruah [118] observe that nding
the optimal value of to guarantee schedulability isNP-hard. Instead, they propose an
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approximate search technique that iterates over values of in the interval [0; ™®] with
some \granularity" . For each value of , they assess schedulability by attempting three
of the heuristics for partitioned EDF from [99]; if any one deems feasibility, the algorithm
terminates. They employ the \rst t,”" \worst t," and \best t" heuristics, with tasks i
considered in order of decreasing utilizatiok;( ).

A

First t. Each task considered in order is assigned to the rst processor on which it
ts.

" Worst t:  Each task considered in order is assigned to the processor with the maxi-
mum remaining capacity.

A

Best t: Each task considered in order is assigned to the processor with the minimum
remaining capacity on which it ts.

For n tasks onm cores, sorting tasks and partitioning them with each heuristic takes at
most ( nlogn+ n m) time. As this must be performed for each tested value of | of
which there are upto —— +1 | the overall complexity is:

max

(nlogn+ n m)

3.3 Fluid Scheduling

3.3.1 Extension of the E cient Algorithm

As discussed in Section 3.2.1, Orr and Baruah [118] demonstrated a straightforward ex-
tension of Buttazzo's model [39, 40] to uid scheduling by proportionally compressing task
utilizations from their total maximum utilization UJ2 to the schedulable boundJp = m,
wherem is the number of processor cores. This is achieved by running procedtlas-

tic _Compression [39, Figure 3] (reproduced in this dissertation as Algorithm 1).

As we showed in Chapter 2, our e cient procedureElastic _Partitioned _EDF in Algo-
rithm 2 assigns the same utilizations as Buttazzo's algorithm. It can therefore be applied to
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uid scheduling to achieve compression i© (n log n) time, or to update utilization assign-
ments in linear time during admission of a new task, removal of a task, or a change in the
number of available processor cores.

3.3.2 Applicability of Uniprocessor Results

Elastic compression for task sets under uid scheduling needs only to be applied when the
maximum total task utilization exceeds the number of available processor cores; i.e., when
ulia > m. And it can nd a feasible assignment of utilizations only when the minimum
total task utilization does not exceed the number of cores; i.e., wh&i" < m. This diers
semantically from elastic scheduling of uniprocessor EDF tasks only in the value chosen for

m; in the uniprocessor casan is 1.

In Section 2.4.3, we demonstrated no signi cant relationship between execution time and
the valuesUM2 and UMn nor the distance between them. Therefore, similar conclusions
may be drawn for uid scheduling as for uniprocessor scheduling of implicit deadline tasks.
In Sections 2.4.3 and 2.4.4, we demonstrated that our improved algorithm (Algorithm 2)

is signi cantly faster to compress tasks compared to Buttazzo's original algorithm in [39,
Figure 3] for the uniprocessor case after initializing the sorted data structure. This suggests
that our improved algorithm should be applied to uid scheduling when compressing to
adapt during online execution, such as when the number of available processor cores change,

or when admitting a new task.

3.4 Partitioned EDF

In this section, we propose three alternative approaches to elastic scheduling of partitioned
EDF tasks. First, the order in which heuristics are applied is modi ed according to their
ability to nd a suitable partition. Second, we consider a binary, rather than iterative,
search over the space of compression allowed due to the minimum utilization constraint on
each task. Third, using the insight that under partitioned EDF scheduling, a set of tasks is
guaranteed to be schedulable if its utilization does not exceed a function of the number of
cores, we apply Algorithm 2 for compressing to this utilization bound.
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3.4.1 Heuristic Selection and Order

In [118], Orr and Baruah determine whether a feasible partition exists for each tested value
of using the rst t, worst t, and best t heuristics. Their reasoning is that using three
heuristics instead of just one increases the chances of identifying a feasible partition, while
the additional operations imply a constant multiplier to execution time, and therefore do
not a ect the execution time complexity.

Pragmatically, however, achieving even a constant-time speedup may be important for de-
ployment to a real system. To this end, we consider whether all three heuristics are needed.
Indeed, the worst t achieves a lower theoretical bound on utilization for a given number of
processor cores [12]. Eliminating worst t achieves faster execution, and may be appropriate
if any task sets it deems feasible are also feasible using the rst t or best t heuristics. In
Section 3.5.3, we empirically demonstrate this to be true for a large number of synthetic task
sets.

Furthermore, we propose to change the order in which heuristics are considered. We demon-
strate in Section 3.5.3 that the best t heuristic is slightly more likely to identify a feasible
partition than the rst t for the synthetic task sets considered, and applying it rst may
enable slightly earlier termination of the algorithm.

3.4.2 Binary Search

We observe that a straightforward optimization may be applied to the approach of Orr and
Baruah [118] summarized above. Rather than iterating over all values of2 [0; ™&] with

granularity in sequential ordey we can instead perform dinary searchin time  log ,
as outlined in Algorithm 3. Thus, total time complexity is reduced to

max

(nlogn+ n m) log (3.3)

Algorithm 3 uses the notation ( ) from Baruah [13], denoting the task system obtained
from by applying compression , i.e., with each task ; having a utilization U;( ) according
to Equation 3.1. The algorithm rst checks if (0) | the uncompressed task set | is
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Algorithm 3: Elastic_Partitioned EDF( ;m)
Input: A list of elastic tasks to schedule onm processor cores
Output: The value to obtain feasibility

max O

forall ;2 do

Uimax Uimln

max
[ E
max max ( max; max

end
if (0) is schedulable oo coresthen return 0
if ( ™) is not schedulable oim coresthen return Infeasible

) max
hi

lo 0
do
( ni o) =2
if ( ) is schedulable o coresthen
else o
while o =~
return hi

schedulable by partitioned EDF onm cores; schedulability may be determined according to
the heuristics employed by Orr and Baruah [118]. If so, it returns the value = 0. It then
checks if ( ™®) is schedulable; if not, the algorithm fails. Otherwise, it performs binary
search over values of in the range [Q ™®]: y (initialized to  max) tracks the smallest value
of tested for which ( ) is schedulable, while |, (initialized to 0) tracks the largest tested
value for which ( ) is not schedulable. At each step, the algorithm checks schedulability
of ( ), if feasibility is determined, ; is decreased to the tested value of; otherwise, |,

is increased to the tested value of. The algorithm terminates when the di erence between

h and |, does not exceed.

Optimality of Search for

We now discuss and prove results about the optimality of iterative and binary searches for
partitioned EDF scheduling. We begin by introducing the term ., de ned as the smallest
value of for which () is schedulable by partitioned EDF onm cores.
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The rst result is intuitive: it says that, once you compress a task system such that it is
schedulable, it will remain schedulable when compressed more.

Theorem 2. Given a value of , if ( ) is partitioned EDF schedulable orm cores, then
( 9 is also partitioned EDF schedulable for every value of

Proof. Consider a set ofn tasks ;. If () is partitioned EDF schedulable onm cores,

then there exists a partitionf ;:::; g of such that the following condition holds:
X
8j 2 1.m; U() 1
i2
Consider a value ° . For each task ;,

U( 9Y=max U™  %E;u™  max U™ E; ;U™ =U()

SinceU;( 9 < U;( ), it follows that:

X X
8 2 1:m; U( 9 U() 1
i2 i2 ]
So there remains a partition of ( 9 for which the condition holds. ]

It follows that () is partitioned EDF schedulable for every value of that exceeds ..
This allows us to say something about the optimality of the elastic algorithms for partitioned
EDF scheduling.

Theorem 3. The values of obtained by using the iterative approach of Orr and Baruah [118]
or the binary search in Algorithm 3 will be within of if an exact test of partitioned EDF
schedulability is performed for( ) at each considered value of. In other words, <

Proof.

" lterative Approach : The algorithm tests =0 rst; if = 0, then the algorithm
returns this value. Otherwise, consider the value returned by the algorithm: ( ) is
feasible, but ( ) is not feasible. It follows from Theorem 2 that > , Which
implies <
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" Binary Search Approach : The algorithm again tests = 0 rst; if = 0, then
the algorithm returns this value. Otherwise, consider the valuey; returned by the
algorithm: ( ;) is feasible, but ( o) is not; thus, by Theorem 2, > ;. Dueto
the algorithm's termination condition, we know that o , and so <

]

Corollary 1. The values ; obtained by the iterative approach of Orr and Baruah [118]
and s obtained by Algorithm 3 will be within of each other if an exact test of partitioned
EDF schedulability is performed for( ) at each considered value of. In other words,

J it bs) <
Proof. From Theorem 3, ; < and s < ,S0j it bsl < - U

This tells us that, given an exact schedulability test for partitioned EDF, both algorithms
will nd values for that are within of the optimal value and are within of each other.
However, no such guarantee can be made if schedulability is determined by heuristic.

We prove this by example. Consider the set of 32 tasks with parameters listed in Appendix A
to be scheduled on 8 cores. When checking schedulability by determining if any of the rst
t, worst t, and best t heuristics nd a feasible partition, the iterative approach of Orr and
Baruah [118] returns a value ; = 0:290912449 for = 0:000538727676. However, the binary
search in Algorithm 3 returns a value s = 0:300403804. In this case,ps it  0:009>

It follows that:

Theorem 4. The di erence between the values;; obtained by the iterative approach of Orr
and Baruah [118] and s obtained by Algorithm 3 might exceed if heuristic tests of EDF
schedulability are used.

This has a surprising implication, which follows from the above results.

Corollary 2. Given a value of , if ( ) is identied by heuristic to be partitioned EDF
schedulable om cores, then (9 might not be identi able as such for some value of >

The implication, then, is that while binary search is faster, it might overcompress a set of
tasks by more than when applying heuristic partitioning (of course, the iterative search
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might overcompress instead). However, as we show in Section 3.5.4, binary search com-
presses, on average, onlyZb2 more than iterative search for the sets of tasks we evalu-
ated.

3.4.3 Application of Algorithm 2

In [12], it is observed that under the rst-t and best- t heuristics, a set of tasks ; are
schedulable orm processor cores if their total utilization ; U; does not exceedn + 1) =2
and if no single task's utilization exceeds 1. Thus, the e cient procedure outlined in Algo-
rithm 2 can be adopted by compressing to a desired utilizatioblpb =(m + 1) =2, achieving
compression inO (n log n) time.

We note that (m + 1) =2 is an upper-boundon the utilization required by the rst-t and
best- t heuristics. Thus, the amount of compression resulting from an application of this
approach might be more than necessary to achieve partitioned EDF schedulability, even
under the above-listed heuristics. It follows that the approach of Orr and Baruah [118],
while slower, might achieve better results | both in terms of compressing utilizations less
aggressively, and by identifying more schedulable task sets. We evaluate these tradeo s in
Section 3.5.4.

3.5 Evaluation

We now compare our proposed approaches in Section 3.4 to elastic partitioned EDF schedul-
ing of implicit-deadline tasks to the original approach proposed by Baruah and Orr [118].

3.5.1 Implementation

Evaluations are performed in the same fashion on the same Raspberry Pi 3 Model B+ as
described in Section 2.4.1. Tasks are also represented using the same data structure.

We compare the following ve implementations:
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1. Iter : The iterative approach from [118]. For each value of tested, heuristics to
check schedulability are applied in the order specied in [118]: (1) rst t, (2) worst
t, then (3) best t. The algorithm terminates once any of these deems the task system
schedulable.

2. Iter-Order : The same iterative approach, but heuristics are applied according to
their ability to nd a feasible partition; this means that the algorithm is likely to
terminate earlier. We determine this order empirically.

3. BS: Our proposed binary search approach in Algorithm 3. Heuristics are applied in
the same order speci ed in [118].

4. BS-Order : The same binary search approach, but heuristics applied in the empirically-
determined best order.

5. Util : The utilization-based approach of Algorithm 2, withUp = (m +1)=2. We use
the array-based implementation, as this was observed to perform best in our evaluations
in Section 2.4.3.

3.5.2 Generating Task Sets

We generate sets of tasks; according to Orr and Baruah's methodology in [118]:

We consider multiprocessor platforms wittm = 4, 8, and 16 identical processor cores.
For each number of coresn, we consider sets of tasks, with n =2m, 4m, and 8m.

The maximum utilization U™ assigned to each task; is selected at random, but
we constrain these values to be no more than a parameter We separately consider
values of 2 f 0:6;0:8; 1.0g.

Each set of tasks has a total maximum utilizationUJa of um . We separately
consider values ofi 2 f 1:1; 1:5; 1:9g.

For each combination of valuesn, n, , and u, we generate 1000 sets of tasks.
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" We use the DRS algorithm [70] to distribute the total maximum utilizationUZJ2* across
individual U™ values. DRS allows us to select these values uniformly from the space
of selections satisfying the conditions tha{i) the total ; U™ equals the speci ed
Ul and (ii) each valueU™ does not exceed the constraint imposed by the chosen

value of

Individual minimum utilizations UM" are assigned at random, selected uniformly from
the range (Q U™®].

" Elastic coe cients E; are assigned at random, selected uniformly from the range; él.

For each set of tasks, we compute™ per Equation 3.2. For all implementations of the

max

algorithm in [118], we use the same \granularity" = 555 as Orr and Baruah.

3.5.3 Determining a Heuristic Order

For each task set, we run implementatioriter to nd the minimum value of  for which
at least one of the three considered partitioning heuristics determines feasibility. Then for
each heuristic, we count how many of the task sets it determines to be feasible at §.
Results are summarized in Table 3.1.

Heuristic | Count | Percentage of Total
First Fit | 77041 95.1%

Worst Fit | 14543 18.0%
Best Fit | 78645 97.1%

Total 81000 100%

Table 3.1: Number of task sets determined feasible by each heuristic.

We observe that, of the 135000 compressed task sets)(consideredthe best t heuristic
identi es a feasible partition at the highest rate , While rst t does almost as well;
therefore, we implement thelter-Order ~ and BS-Order approaches to rst attempt the
best t, followed by the rst t. The worst t heuristic does the worst by far; furthermore,
there are no task sets for which the worst t heuristic identi es a feasible task set that is
not also identi ed by both the best and rst t. As such, we eliminate the worst t
heuristic from both implementations.
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3.5.4 Comparison of Improvements

For each set of tasks ;, we note for each implementation(i) its execution time in CPU
cycles,(ii) whether it deems to be schedulable, and if sa(jii) the amount of compression
it requires. This allows us to answer the following questions.

How much is gained by changing heuristics?

We begin by comparing the execution times of thker and BS implementations to those of
the Iter-Order  and BS-Order implementations. Results are illustrated in Figures 3.1{
3.4, which show | for each combination of m, , n, and u | the median and maximum
execution times in processor cycles. Figure 3.1 compares the median execution timdéteof
and Iter-Order , while Figure 3.2 compares the maximum execution times. Figures 3.3
and 3.4 compare the median and maximum execution times fBS and BS-Order

We observe that by applying best t bin packing, then rst t, and by not applying worst

t bin packing, the time to heuristically assess partitioned EDF schedulability is

reduced dramatically. =~ The median execution time ofiter-Order  is up to 240 faster
than Iter , and the maximum execution time is up to 241 faster. The median execution
time of BS-Order is up to 1:76 faster than BS, and the maximum execution time is up
to 2:23 faster.
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Figure 3.1: Median execution times foiter and Iter-Order  in CPU Cycles.
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Figure 3.2: Maximum execution times folter and Iter-Order  in CPU Cycles.
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Figure 3.3: Median execution times foBS and BS-Order in CPU Cycles.
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Figure 3.4: Maximum execution times foBS and BS-Order in CPU Cycles.
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Does performing binary search a ect the amount of compression applied?

Per Theorem 4, the di erence between the values returned by implementationdter and
BS might exceed . We quantify this, and consider whether one implementation consistently
compresses more than the othér.

Results are illustrated in Figure 3.5, which shows | for each combination o, n, , andu

for which any task sets required compression | the distribution of di erences ( ps it )=
between the value s returned by BS and  returned by Iter , normalized by . Task
sets not requiring compression (= 0) are not included, nor are those not determined to be
schedulable under any amount of compression. Where outliers extend beyond the plotted
boundaries, the y-axis labels denote the maximum value.

We observe that, although the values s and j typically do not di er by more than
there are cases where they di er by much more. For 16 tasks on 4 cores, with= 1:0 and
u=1:9, psexceeds; by morethan 200 . Generally, we see that outliers occur where,s

is larger than ;. This makes sense due to the behavior of binary search: search proceeds
downward in factors of 2 from larger values, and if () is deemed unschedulable for some
tested value of greater than the optimal , the binary search will continue to test larger
values.

9The lIter-Order implementation will always return the same value for as Iter ; similarly for BS-
Order and BS, so we do not separately consider these here.
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(@ m =4 Cores.
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(b) m =8 Cores.
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(c) m =16 Cores.

Figure 3.5: Dierence between s and j, normalized by .
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What are the tradeo s between execution time and amount of compression re-
quired?

To further evaluate the implications of the observed outliers in (ps it )= on the average-
case compression of each algorithm, and to consider what is otherwise gained in speedup,
we perform a side-by-side comparison of the execution time and achievedalues for our
Iter-Order  and BS-Order implementations. Because we have already shown that these
implementations are signi cantly faster than their respectivdter and BS counterparts, we
remove the latter from further comparison.

As before, we only consider those task sets that are schedulable with compression ().
For each combination ofm, , n, and u, Figure 3.6 illustrates the median and maximum
speedup achieved byBS-Order over Iter-Order . We do not plot mean values of
produced by each implementation, atheir average compression values agree closely
di ering by less than 0:262 for every considered combination.

We alsoobserve that BS-Order achieves signi cant speedups , especially for larger
values of andu. These task sets have larger total maximum utilizationg)g %, and therefore
tend to need more compression to achieve schedulability. In such cases, the iterative approach
takes longer to reach the higher value, so the binary search is signi cantly faster. The
median speedups for each combination were as high as 5Ivhile the maximum speedup

observed was 86.
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Figure 3.6: Speedups achieved S-Order over Iter-Order
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How well does our application of Algorithm 2 perform?

To this point, we have determined thatBS-Order performs signi cantly faster than the
other implementations that search for a value of with granularity , while having minimal
impact on the quality of the solution. We therefore select it for comparison with ouutil
implementation. Recall thatUtil applies our quasilinear procedure, outlined in Algorithm 2,
using the utilization bound ofUp = (m + 1) =2 achievable by the best tand rst t heuristics
onm cores [12]. While we expect it to perform faster, we also expect it to be more pessimistic.

We evaluate this hypothesis by comparing the rates at whiddS-Order andUtil determine

schedulability, the resulting values of necessary to achieve schedulability, and the time to

nd those values of . As in [118], to ensure a consistent comparison, we only compare
values (and, in our case, execution times | measuring execution times was outside the

scope of the work in [118]) for those tasks deemed schedulable. Also as in [118], we separately

consider each value om, , n, andu.

Figure 3.7 contains plots that alternate between two types. The rst type shows the percent-
age of schedulable task sets identi ed bS-Order and Util for every combination ofm,

, N, and u. The second type compares the median and maximum execution time speedup
gained byUtil overBS-Order tothe mean values achieved by each implementation. As
in [118], values are normalized by ™ to give a value in the interval [0,1]; this is necessary
for comparing values across task sets.

We observe that, whilesigni cant speedups are achieved by Util over BS-Order
Util identi es fewer schedulable task sets, and for those it does identify as schedulable,
it typically imposes more compression. This is especially true for larger values ofand u

for which the total maximum utilization U2 is larger. Nonetheless, at the cost of more

pessimism,Util achieves speedups observed to reach over 20
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Figure 3.7: Speed and Schedulability Tradeo s BetweeBS-Order and Util
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3.6 Conclusion

In this chapter, we have considered alternative approaches toward extending elastic schedul-
ing to the uid and partitioned EDF multiprocessor implicit-deadline models, comparing
them to the original approaches proposed by Orr and Baruah in [118]. We have evaluated
their execution time, and compared to their ability to avoid pessimistic overcompression.

In Section 2.4, we demonstrated that Buttazzo's original algorithm [37, Figure 9.29] for
elastic scheduling [39, 40] is signi cantly slower to compress tasks compared to our proposed
approach in Algorithm 2. In this chapter, we discussed how the same results apply to
uid scheduling. This suggests thatour improved algorithm should be used with

uid scheduling to handle admission control or to respond to changes in the

number of available processor cores.

While uid scheduling is a convenient abstraction, it is di cult to implement in practice.
We therefore also considered partitioned EDF scheduling. We demonstrated that simple
modi cations to the approach in [118] | changing which partitioning heuristics are

applied , and performing a binary search instead of iterating over the space of com-
pression to apply | yield substantial improvements in execution time without signi cantly
overcompressing.

We also demonstrated an application of our Algorithm 2 to partitioned EDF elastic schedul-
ing. While it runs even faster, it is often pessimistic, at times overcompressing or deeming a
schedulable task set to be infeasible. Nonetheless, we can imagine scenarios where this may
be desirable. For example, in mixed-criticality systems [161, 32], if a job of a safety-critical
task overruns its expected execution time, jobs of less critical tasks are traditionally dropped.
Elastic frameworks have been proposed instead where the periods of low-criticality tasks are
extended to maintain the service-level guarantees required by critical jobs [142]. In such a
situation, the decision must be made as quickly as possible. If our faster approach overcom-
presses, this is no worse than the inelastic case where all low-criticality jobs are dropped

anyway.
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Chapter 4

Constrained-Deadline Tasks

Portions of this chapter were published as \Elastic Scheduling for Fixed-Priority Constrained
Deadline Tasks" at ISORC 2023, winning the best paper award [143].

4.1 Introduction

In the previous chapter, we considered elastic scheduling of implicit-deadline tasks. This
chapter extends the elastic model to xed-priority constrained-deadline task systems on a
uniprocessor. In particular, we consider tasks with adaptable rates | their utilizations can
be compressed by extending their periods | but with deadlinesthat are held constant

Prior work has considered such tasks when scheduled in EDF fashion. In [44, 45], Chantem
et al. demonstrated the equivalence of elastic scheduling to the problem of minimizing the
weighted sum of squared deviations of each task's compressed utilization from its nominal
value, constrained by the tasks' minimum utilizations and the utilization bound of the sys-
tem. They used this result to extend elastic scheduling to constrained-deadline tasks by
replacing the constraint on total utilization with a tractable approximation of the processor-
demand analysis (PDA) [20] test for earliest-deadline rst (EDF) schedulability.

More recently, Baruah [13] demonstrated that these approximations result in a high degree
of pessimism for certain task sets. Instead, Baruah presented an alternative that uses an
iterative approach | similar in spirit to that of Orr and Baruah [118] for partitioned EDF
scheduling discussed in Section 3.2.2 | that increases total compression in constant-size
steps until the system is schedulable according to PDA. The algorithm is tuned by selecting
the iteration granularity; a smaller step increases the running time of the algorithm but
allows for a more precise result.
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In this chapter, we extend Baruah's approach in [13] toced-priority ~ uniprocessor schedul-
ing of systems of constrained-deadline elastic tasks. We rst present an iterative algorithm
that similarly increases compression until schedulability is achieved according to the response
time analysis (RTA) test [6]. We then present two re nements to this algorithm, both lever-
aging the observation that once a task has been compressed to schedulability according to
RTA, it remains schedulable when more compression is applied to the system. The rst re-
nement iterates over tasks in order of decreasing priority, increasing total compression until
that task is schedulable under RTA before considering the next task. The second performs
binary search over the range of allowed compression, skipping RTA for tasks that are already
known to be schedulable at lower levels of compression.

Next, we formulate the problem of nding the optimal amount of compression to guarantee
schedulability as a mixed integer quadratic program (MIQP). Due to the large number of
guadratic constraints, the problem may be dicult to solve e ciently. However, we can
instead reformulate the problem for asingle task. This enables an alternative algorithm
that considers each task in turn; if RTA deems a task unschedulable for the current level of
system compression, the MIQP is solved to nd the exact amount of compression necessary
to schedule that task. By iterating over each task, we can determine the minimum su cient
compression that must be applied to the task system.

We implement the latter four approaches, using the free and open-source SCIP [2] constraint
integer programming tool to solve the MIQP. By evaluating each algorithm for randomly-
generated synthetic task sets, we demonstrate that the approximate procedures are both
highly e cient and typically give a result close enough to optimal to be useful for online
scheduling decisions in low-powered embedded devices. We also show that, when an optimal
solution is desired, the MIQP-based algorithm may be feasibly solved o ine to compress
task periods.

The remainder of this chapter is organized as follows:

~ Section 4.2 provides the necessary background on system models used in this chapter.

" Section 4.3 presents a basic iterative algorithm to compress tasks until RTA guarantees
schedulability.

" Sections 4.4 and 4.5 re ne the algorithm to a more e cient iterative approach and a
binary search, respectively.
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Section 4.6 formulates an MIQP representation of the problem of nding the minimum
amount of compression necessary to schedule the task system.

Section 4.7 reformulates the problem for a single task, then demonstrates an algorithm
to apply this to the complete task system.

In Section 4.8, we show the results of our evaluation of those approaches.

Finally, Section 4.9 concludes the chapter and discusses the contexts under which each
approach may be relevant.

4.2 Background and System Model

Coverage of the elastic model for recurrent, implicit-deadline tasks on a uniprocessor [39, 40]
can be found in Section 2.2.2. In this section, we introduce necessary background on elastic
scheduling for constrained-deadline tasks.

4.2.1 Elastic Scheduling for Constrained-Deadline Tasks

In [44, 45], Chantem et al. showed that utilizations selected by the elastic model also solve
the following quadratic programming problem:

X

; 1 max \2
nalin | E_i(Ui U) (4.1a)
i=1
s.t. U Up (4.1b)
i=1
8i ; Uimin U, Uimax (4. 10)

This allowed for an extension of the model to constrained-deadline tasks. A task =
(Ci; Dy; Umin, umax: ;- E;) is now characterized with an additional parameterD;, represent-
ing a relative deadline that remains xed even if the task's period is extended in response
to reduced utilization. Under the constrained deadline model, only tasks for whidb; T,
(i.,e,, Dy  Ci=Um*) are considered.
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The schedulability constraint (Expression 4.1b) is replaced by a representation of the PDA [20]
schedulability test. PDA is an optimal technique for schedulability analysis of constrained-
deadline sporadic task systems under preemptive EDF scheduling on a uniprocessor. It
considers the demand bound functiorbf ;(t) for each task ;, which denotes the maxi-
mum possible cumulative execution required by jobs of the task that arrive and have their
deadlines within any contiguous interval of durationt 0. This can be computed as:

dbf ;(t) = max t D +1;0 Ci (4.2)

Fort OandD; Ti, itcan be expressed more simply as:

dbf i(t) = t TDi +1 G (4.3)
i
A constrained-deadline task system =f ;;:::; g is schedulable under preemptive EDF
on a uniprocessor if and only if for alt > 0,
X
dbf ;(t) t (4.4)

i=1

In [20], it was shown that it is su cient to check this condition for values oft within the
rst hyperperiod that take the form (k T;+D;) for non-negative integersk. This set of
values constitute the PDAtesting set For elastic scheduling, Chantem et al. [44, 45] add a
constraint in the form of Expression 4.4 for each element of the testing set to the optimization
problem represented by Expression 4.1.

However, the resulting problem might not be tractable. The size of the testing set may be
exponential in general, and pseudo-polynomial for bounded-utilization tasks, resulting in an
optimization problem with too many constraints to be e ciently solvable. Also, due to its
use of the oor function, dbf ;(t) is not a linear expression, and so the optimization problem
does not remain a quadratic program. Chantem et al. [44, 45] over-approximate the demand-
bound function by removing the oor. Nonetheless, because the test set itself depends on
the task periods, the times de ning the RHS of the constraints formed by Expression 4.4 are
variables in the optimization problem, and the problem remains non-linear. They therefore
introduce an approximate form of the problem, and a heuristic approach to solving it, and

70



proved both correct in the sense that the resulting compressed system would be guaranteed
schedulable.

4.2.2 Improved Elastic Scheduling for Constrained-Deadline EDF

In recent work [13], Baruah showed that these approximations are highly conservative and
may result in signi cant overcompression for certain task sets. Two alternative approaches
were presented; in this paper, we extend these to xed-priority DM scheduling. Baruah
again used the term to represent the degree by which compression is applied to the task
system. Recall from Equation 3.1 that the utilizationU; of each task ; can be expressed as:

U = max(Um™ E ;;umn) (4.5)

Then sinceT; = C;=U, we de ne

Timin - Ci:umax (4.6)
and
Timax — Ci:UImin (47)
It follows that for < C ;=(E;T™"):
| C;Tmin
Ti =min m;'rimax (48)

Alternatively, given . as de ned in Equation 3.2, we can expresk as follows:

8
< CiT-min R
= T if O < nax
T=. ¢ & ' (4.9)

. T, min if max
i i

In an uncompressed state, = 0 and for each task,U; = UM (equivalently, T, = T™n),

Baruah [13] also introduces the notation (), representing the task system obtained from
by applying compression , i.e., with each task ; having a periodT; according to Equa-
tion 4.8. An optimal algorithm, then, for elastic scheduling of constrained-deadline task
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systems under EDF nds the value representing the minimum value for which ( ) is
schedulable. In [13], Baruah presents two algorithms that, while not optimal, are nonethe-
less tunable by a parameter; both algorithms are guaranteed to nd a value < + for
which () is schedulable. We summarize both:

Elastic

This algorithm iterates over values of 2 [0; max] with granularity . For each value of
tested, it performs PDA over the task set ( ). Once PDA indicates schedulability, the
search stops, and compression is applied. For e ciency, binary search is proposed as an

alternative. For a considered value of , if PDA indicates schedulability, a smaller value
of is subsequently tested; if not, a larger value is checked. The binary search limits the
number of times PDA is performed to log, == ; PDA is itself pseudo-polynomial for

bounded-utilization task systems.

Elastic-E cient

A more e cient algorithm is supported by two observations in [13], repeated here:

Observation 1. If a given sporadic task system satis es Expression 4.4 for a given value
of t (say, to), then any task system ° obtained from by increasing the period parameters
of one or more tasks also satis es Expression 4.4 foy.

Observation 2. Let denote some constrained-deadline elastic sporadic task system, and
; , and tg denote positive numbers. If all elements in the testing set ¢f ) that are tg
satisfy Condition 4.4, then all elements in the testing set of + ) thatare ts also satisfy
Condition 4.4.

The algorithm proceeds by iterating over values of, beginning with = 0. It considers
elements of the PDA testing set in increasing order. Baruah observes that the testing set
need not be enumerated in its entirety a priori [13]; instead, the current element being tested,
to, can be updated to the smallest value from amongst theext deadlines of each task:

t min
(0] i -I-I

+1 Ti + D; (410)

72



When an element is reached for which PDA fails at the current test set elemety, is
incremented by . Observation 2 implies that once PDA succeeds at, only larger values

| the next one obtained by Equation 4.10 for the periods T; of task set ( ) | need to

be tested. Once the test set is exhausted, the current valueis returned. However, if
reaches max, the algorithm terminates, as the task system remains unschedulable even under
compression.

Because the algorithm essentially performs a single PDA (the testing set is only traversed
once), while additionally recomputing the periods of each task in ( ) for each value of
, the worst-case running time of the algorithm is:

O n M+ the running time of PDA.

wheren denotes the number of tasks in . For constant , this is dominated by the running
time of PDA.

4.3 Extension to Fixed-Priority Scheduling

In this section, we present a simple extension of Baruah's algorithElastic [13, Algorithm

1] (summarized in Section 4.2.2) to xed-priority deadline-monotonic (DM) scheduling, which
maintains the priority order of tasks as their periods are extended. The procedure is outlined
in Algorithm 4. Given a system of elastic constrained-deadline tasks (characterized as
described in Section 4.2), it seeks to determine the smallest value offor which ( ) is
schedulable. Like theElastic algorithm, its precision is tunable by a parameter; the
value found is guaranteed to be less than + .

The algorithm initializes , the amount of compression to be applied, to 0. It then increases
in steps of size, performing RTA for the complete task set ( ) for each value of . Once
is found for which schedulability is achieved, the algorithm terminates and the value is
returned. However, if exceeds max, the utilization constraints on each task prevent the
system from being scheduled under the elastic model.
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Algorithm 4:  Elastic-FP()

Input: Elastic constrained-deadline task system

Output: Smallest such that ( ) is DM-schedulable
0

max computed according to Equation 3.2

repeat

Perform RTA for ( )

if () is schedulabldghen

| return

else

L +
until >
return Failure

4.3.1 Running Time

Since at mostd .= € calls are made to RTA by the algorithmElastic-FP , its worst-case
running time is d-m=e the worst-case running time of RTA (which is pseudo-polynomial
in the representation of the task system for bounded utilizations).

4.4 An E cient Iterative Approach

In this section, we present the rst of two re nements to Algorithm 4 (Elastic-FP ). We
begin with a brief summary of Audsley et al.'s response time analysis (RTA) [6], which will
provide a key observation leveraged by both re nements.

4.4.1 Response-Time Analysis

A task set is schedulable if and only if the response time of each task does not exceed its
deadline. Under xed-priority preemptive scheduling, the response timR; of a task ; is
characterized as the sum of its execution tim€; and the interferencel; of the higher priority
tasks; the interference is, itself, a function of the response time. Assuming without loss of
generality that tasks are indexed by decreasing priority, the following expression describes
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the response time:

R.
Ri=Ci+ T—' Ci (4.11)
i J

Audsley et al. [6] describe a recursive process by which to determine the response time; the
system is schedulable if and only iR; does not exceed the deadlinB; for each task ;. If
used in the context of RTA, our algorithm requires up tod .= e calls to RTA in the worst
case. However, the following observation provides a slight improvement to execution time:

Observation 3. If the condition R;  D; holds for atask ; in ( ), then the condition also
holds for the same task; in ( + ) forany > 0.

Proof. Since the periodT; only appears in the denominator in the expression for computing
response time (Equation 4.11), and the period does not decrease aacreases (from Equa-
tion 4.9), it follows that R; does not increase when increasing Therefore, ifR; D; for
some , the inequality still holds as increases. m

4.4.2 The Algorithm

This observation implies that Algorithm 4 can be improved by considering only single task

at a time. RTA requires checking every task in a task system, but once a task is shown to be
schedulable for a given value of, it need not be rechecked for larger values. The resulting
improvement is outlined in Algorithm 5.

As in Algorithm 4 (Elastic-FP ), Elastic-FP-Efficient begins by initializing to 0. It
considers tasks in turn, beginning with 1, the highest-priority task. The algorithm intro-
duces the notation ;( ) to refer to task ; 2 ( ), i.e., task ; having a periodT; according
to Equation 4.9 for the given value of . When RTA determines that the current task under
consideration, ;, is unschedulable for the current value of, the algorithm increases in
steps of until the task is schedulable. At this point, it considers the next task in the system.
If there are no tasks remaining to be checked (line 9), the algorithm terminates and returns
the current value of . However, if the value of exceeds ™, the algorithm fails.
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Algorithm 5:  Elastic-FP-E cient()

Input: Elastic constrained-deadline task system
Output: Smallest such that ( ) is DM-schedulable
0
max computed according to Equation 3.2
i1
repeat
Perform RTA for task ( )
if () is schedulablghen
if i == nthen
| return
i+l
else
L +
until >
return Failure

4.4.3 Running Time

As before, at mosid ,,x= evalues of are checked by the algorithnElastic-FP-Efficient
However, RTA is only performed for asingle taskat a time. For a single value of , no more

than a single failing check can be made. Additionally, each task need only have a single

successful check. Therefore, for a task system of sire the total running time of the
algorithm can be expressed as:

max +n 1

the running time of RTA for a single task (4.12)

4.5 A Binary Search Implementation

Our second re nement to Algorithm 4 Elastic-FP ) instead performs binary search over
values of in[0; max]. Observation 3 implies that, when testing using RTA to test ( ) for
schedulability, any tasks already known to be schedulable for smaller values ofio not need
to be rechecked. The complete procedure is outlined in Algorithm 6.
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Algorithm 6: Elastic-FP-BS()

Input: Elastic constrained-deadline task system
Output: Smallest such that ( ) is DM-schedulable

© 00 N O g b~ WN P

10
11

12
13
14
15
16
17
18
19

20
21

22
23

24
25
26

27
28

lo 0

max computed according to Equation 3.2
S . Set of schedulable task indices
Determine ( max) - Using Equation 4.9
Perform RTA for (  max)
if ( max) IS schedulabldghen

hi max

else
L return Failure

repeat

(it 10)=2
Schedulable True
s s
forall ;2 ;i2Sdo
Perform RTA for ()
if () is schedulablghen
L Add i to S°

else
L Schedulable False

if Schedulable then

| n

else

lo
S s

until w10 ;
return hi
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The algorithm rst performs RTA for ( max); if it is not schedulable, the algorithm fails.
Otherwise, it performs binary search over values ofin the range [Q nax]: ni (initialized to

max) tracks the smallest value of tested for which ( ) is schedulable, while |, (initialized
to 0) tracks the largest tested value for which () is not schedulable. A variableS tracks
the indices of tasks in ( |, ) that are schedulable'® At each step, the algorithm performs
RTA for those tasks ; 2 ( ) that are not in S. If all tasks are schedulable, y; is decreased
to the tested value of ; otherwise, |, is increased to the tested value of and S is updated
to include those tasks for which RTA nonetheless succeeded. The algorithm terminates when
the di erence between  and |, does not exceed, at which point it is guaranteed that

i < + foroptimal ,since > .

4.5.1 Running Time

Since algorithmElastic-FP-BS  requires RTA to be performed for all tasks in ( max) prior

to the binary search, in the worst case@log,( max=)e+ 1 total calls are made to RTA. The

use of the variableS to track tasks already known to be schedulable for smaller values of
may improve the execution time for some task sets; indeed, if > i , and if RTA

determines schedulability for all but one task at = ,2x=2, then binary search will only

proceed upward, and RTA will only need to be performed for a single task at each checked

value of thereafter. In this case, RTA for asingle task is performed only

max

log, +2n 1
times. This is more e cient than Algorithm 5 ( Elastic-FP-Efficient ) if:
log, —% +p< (4.13)
For chosen such that o= = 1000, this is more e cient for systems of fewer than 990

tasks.

On the other hand, if < , binary search will only proceed downward, s6 remains empty,
and so RTA must be performed forall tasks in for each tested value of . In this case,

105 can be implemented as a bitmask or an array, allowingO(1) checking and insertion for a given task
index.
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RTA for a single task is performed

log, —= +1 n

times. This is more e cient than Algorithm 5 ( Elastic-FP-Efficient ) only if:
log, —= n+l< ™ (4.14)
For chosen such that ,,x= = 1000, this is guaranteed to be more e cient only if the

system has fewer than 100 tasks. In Section 4.8, we evaluate both algorithms to compare
their performance in the context of randomly-generated synthetic task sets.

4.6 An MIQP Representation

In this section we describe how to formulate the problem of nding the value representing
the minimum necessary compression to achieve schedulability for a xed-priority, preemptive
task system as a mixed integer quadratic program (MIQP).

4.6.1 Formulating the MIQP

We build upon the mixed integer linear programming representation of RTA given in [17].
In [80], it is shown that for a xed-priority, preemptive task system to be schedulable, it
is necessary and su cient that for each ; 2 , there exists some value ot  D; for which:!!

C (4.15)

The minimum value oft satisfying this condition for ; is the response timeof the task.
However, unlike in [17], we do not seek to nd the minimum value dffor each task. Instead,
we intend to nd the minimum value of for which there exists at; < D; for each task |

Lwithout loss of generality, we again assume tasks are indexed in decreasing order of priority.
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satisfying Expression 4.15. In other words, it must satisfy:

X1
t G+ 0 ¢ (4.16)
i i i TJ ( ) ]

for T; ( ) as de ned in Equation 4.9. The MIQP problem is formulated as follows:

1. We de ne a real-valued variable representing the compression applied to all tasks
in the task system .

2. To enforce this intended interpretation, we specify the constraint:
0 max (4.17)

where M is as de ned in Equation 3.2. We note that, because we are minimizing

, the constraint on its upper bound is not strictly necessary: a value®> ™3 will
not achieve greater compression than™*, and so the smaller ™ would be selected
instead of °anyway. However, we observe that this constraint tightens the search
space, slightly improving the solver's execution time.

3. Foreachtask i, we de ne areal-valued variableg; representing some value dffor which
Expression 4.15 holds. Unlike in [17], where the correspondiRg is non-negative, we
restrict t; to be positive: ift; = 0 satis es Expression 4.15, therC; = 0, in which case
the task can be ignored. This becomes an important distinction in a later step.

4. We therefore specify the constraint:

0 t D (4.18)

5. Asin[17], for each task; and everyj 2f 1;:::;i ig, we de ne a non-negativanteger
variable Z; that represents the termdt;=T;( )e.

6. As in [17], to enforce this intended interpretation on theZ; variables, for every task
i we must add constraints of the forniz;  t;=T;( ) foreachj 2f1;:::;i ig. Since
Zj is specied to be an integer variable, this will respect the ceiling operator that
appears in Expression 4.15.
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From the formulation of T;( ) in Equation 4.9, we can express the ternalt;=T;( )e

as: .
it w(G BT

Tmax ' Cj T min
J J

max
This requires two constraints for eaclz;; :

t;

8 211151 1g; Zj Tmax (4.19)
j
..... 6(G  E;T™)
8 2f1 ;1 1g; Zj C,-ijin i

Becauset; is itself a variable, and is the value we ultimately want to minimize, we
rewrite the second expression as:

0 Zij ti+ — (420)

ijln CJ
This is a quadratic constraint, as it contains the ternt;

7. As in [17], for each task; we add a nal constraint representing Expression 4.16:

C + Zij Cj ti (421)

8. To nd the minimum value of for which the problem can be satis ed, we add the
following objective function
minimize (4.22)

Recall that in Step 1 of the MIQP, t; is restricted to the positive reals; this implies that if a
solution exists, is well-de ned for any value oft;.
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4.6.2 The Resulting Algorithm

For completeness, we present an algorithm to apply this MIQP to nd the optimal value,
, representing the minimum amount of compression to guarantee schedulability of a set of
tasks . The procedure is outlined in Algorithm 7.

Algorithm 7:  Elastic-FP-MIQP-Joint( )

1 Input: Elastic constrained-deadline task system

N

© o N o 0 »~ W

Output: Smallest such that ( ) is DM-schedulable

forall ;2 (0) do
Perform RTA for ;
if ; is not schedulableghen
Construct MIQP
Solve for
if MIQP infeasible then return Failure
else return

4.6.3 Problem Size and Running Time

The MIQP described in this section to nd for the complete set of tasks ; has a single
real variable and real variablest; for each task ;. has a linear constraint, and each
t; has two linear constraints. The problem also has an integer variablg; for every task
i and every value ofj <i ; each such variable has a single linear constraint and a single
quadratic constraint. The problem therefore has + 1 real variables and |, = (n?2 n)=2

n

integer variables overall, with 21+ 5 = ( n?+3n)=2 total linear constraints and (1> n)=2
total quadratic constraints. Table 4.1 summarizes the problem size.

Real Variables n+1
Integer Variables | 1510

Linear Constraints | 23"

. . 2
Quadratic Constraints | "

Times to Run 1
Table 4.1: Number of variables and constraints for the MIQP.
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Notice that the number of quadratic constraints itself grows quadratically with the number
of tasks. As we demonstrate in Section 4.8.3, this makes the problem di cult to solve using
our choice of o -the-shelf solver, SCIP [2]. We note that even the decision version of this
problem (showing the existence of a that satis es schedulability) is NP-complete, since
verifying a given value of requires performing RTA for the resulting task system (). In
the next section, we present a more e cient (though stilINP-hard) MIQP-based approach.

4.7 Simplifying the Problem: An MIQP Per Task

This section modi es the MIQP of the previous section to nd just the value ; representing
the minimum compression necessary to guarantee schedulability ofiagletask ;. We then
use this result to present an algorithm that nds the optimal compression value for the
complete task system.

4.7.1 Formulating the MIQP

The MIQP to nd the value ; to guarantee schedulability ofjust the task ; in a set is
formulated as follows:

1. We introduce a variable ; representing the compression applied to the task system .

2. To enforce this intended interpretation, we again specify the constraint:
0 max (4.23)

where ™ is as de ned in Equation 3.2. We dmot constrain ; to remain less than

" (notice the indexi). For higher priority tasks ;, j <i , compression > ™
might be necessary to reduce their interference on su ciently for ; to become
schedulable.

3. For the single task ;, we de ne a positive real-valued variablg; representing some
value fort for which Expression 4.15 holds.

83



4. Again, t; is constrained as:

0 t D (4.24)
As before, unles<C; = 0, this e ectively constrains t; as 0<t; D;.

5. Asin[17],foreachj 2f 1;:::;i ig, we de ne a non-negativenteger variable Z; that
represents the termdt;=T;( ;)e.

6. As before, to enforce this intended interpretation on th&; variables, we must add
the following constraints for eachZ;; :

(4.25)

0 Zij — I+ = ti i (426)
The latter is a quadratic constraint, as it contains the termt; ;.

7. As before, we add a nal constraint to enforce the relationship in Expression 4.16:

C + Zij Cj ti (4.27)

8. To nd the minimum value of ; for which the problem can be satis ed, we add the
following objective function
minimize (4.28)

4.7.2 The Resulting Algorithm

By solving an MIQP, we can nd the exact value of ; by which to compress a task system

to guarantee schedulability for an individual task according to RTA. We now present
an algorithm that extends this approach to nding the optimal value, , representing the
minimum amount of compression to guarantee schedulability @l tasks. The procedure is
outlined in Algorithm 8.
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Algorithm 8:  Elastic-FP-MIQP()

1 Input: Elastic constrained-deadline task system

N

© 0 N O o b~ W

10

11

12

Output: Smallest such that ( ) is DM-schedulable

0
forall ;2 do
Perform RTA for ()
if () is not schedulablghen
Construct MIQP
Solve for ;
if MIQP infeasible then
| return Failure

return

The algorithm initializes to 0. Each task in the system is checked for schedulability under
the current compression level using RTA. Once a task is found that cannot be scheduled,
the MIQP is constructed (which requires calculating ") and solved for that task. If no
solution is found, the minimum utilization constraints of its constituent tasks prevent the
system from compressing to schedulability. Otherwise,is updated to ;, and the remaining
tasks are checked in the same manner.

4.7.3 Problem Size

The MIQP described this section for a single task; has real variables ; and t;, as well as
an integer variableZ; for everyj <i . The variablet; has two linear constraints to enforce
it remains less than the deadlineD; and to enforce the recurrence in Expression 4.15. To
enforce the ceiling function in Expression 4.15, and to represent the relationship between the
task periodT; and compression ;, each variableZ; has a single linear constraint and a single
guadratic constraint. Thus, for a set of n tasks, this MIQP has up to 2 real variables, up to
n 1 integer variables, up ton +1 linear constraints, and up ton 1 quadratic constraints.
This is linear in the number of tasks; in comparison, the MIQP described in Section 4.6.1
has constraints quadratic in the number of tasks. However, compared to the single MIQP,
the problem presented in this section has to be solved up totimes. Table 4.2 summarizes
this comparison.
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MIQP per Task | Single MIQP
Real Variables 2 n+1
Integer Variables n 1 nn
Linear Constraints n+1 N3
Quadratic Constraints n 1 n® n
Times to Run n 1

Table 4.2: A comparison of compressing with an MIQP per task versus a single MIQP for
the entire set of tasks.

Nonetheless, this version of the problem should be easier to solve than the single MIQP,
as the execution time to solve a quadratic program typically scales superlinearly with the
number of constraints. This is backed by the results of our evaluations in Section 4.8.3.

4.8 Evaluation

To evaluate the e ectiveness and e ciency of theElastic-FP-Efficient (Algorithm 5),
Elastic-FP-BS  (Algorithm 6), Elastic-FP-MIQP-Joint (Algorithm 7), and Elastic-
FP-MIQP (Algorithm 8) procedures, we run them over a large collection of randomly-
generated constrained-deadline task sets. We track their execution, both in time and calls to
RTA. We also analyze the overhead incurred by using these algorithms for online admission
control in an embedded system | the same Raspberry Pi 3 Model B+ used in Section 2.4.1.
Finally, we compare the compression values produced by each algorithm.

4.8.1 Generating Task Sets

To evaluate elastic scheduling for constrained-deadline tasks, we consider tasks thedin
with a relative deadline D; equal to their period T;. Tasks individually have a utilization
not exceeding 1, but the task systemas a wholeare not schedulable due to their joint
utilizations exceeding the utilization bound of the system. To accommodate such a task
system, each task has itperiod extended while itsdeadlineremains the same. We generate
task sets of size [10100] in steps of 10. For each size, we consider total utilizations in the
range [X0 2:0] in steps of 01. For each combination of size/utilization we generate 100 sets
of tasks according to the following methodology:
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1. Uncompressed task periodg™" are generated using a log-uniform distribution (per [61])
in [1 1000].

2. Task deadlinesD; are set equal toTi”“”.

3. Tasks are sorted according to increasing deadline (decreasing priority under DM schedul-
ing).

4. The total utilization of the task system is distributed in an unbiased random fashion
among tasks using the Dirichlet Rescale (DRS) algorithm [70], such that each task is
assigned a utilizationUm#.

5. Execution time is assigned according t@;= Uma Tmn,

6. Elasticity E; is uniformly selected in [0 1].

For each task set thus generated, a minimum utilizatio™" is assigned to each task so that
the total minimum utilization cannot exceed 069, the Liu and Layland schedulability bound
of a rate-monotonic implicit-deadline task system [97]. We do so in two di erent ways:

1. Scale : For half of the tasks, we de ne a constans = 0:6%=UJ2, where Ul is the
maximum total utilization of the task set. We then obtain U™" by multiplying each
task's UM by a random value uniformly selected from the range [0s]. On average,
the total minimum utilization is expected to be 0345, with a narrower distribution for

larger task sets. This is illustrated in Figure 4.1.

2. DRS: For the other half, we apply DRS to distribute the total minimum utilization
umn = 0:69 across the individualu™" values uniformly from the space of selections
satisfying the conditions that (i) the total , U™" =0:69 and (ii) each valueUm"
does not exceed the correspondinig™*.

Each task's maximum period is then derived a™> = UMn=G.

The result is that, for every combination of size/utilization, we now have 200 sets of tasks,
for a total of 22 000 overall.
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Figure 4.1: Distributions of total minimum utilizations from 1100 randomly-generated task
sets each of size 10, 30, 100 with™" values assigned according to method 6(a).

4.8.2 Implementation

We implement our algorithms as written using C++, linking version 8 [22] of the SCIP con-
straint integer program solver [2] to execute the MIQP. Task parameter§;, T™", Tma T;,

D, and E; are stored in global arrays using single-precision oating-point representations.
We program the approach of Audsley et al. [6] to perform RTA in an iterative, rather than re-
cursive, style to avoid the time and stack overheads associated with large numbers of nested
function calls. We quantify execution time performance by reading from the standard li-
brary's high resolution clock étd::chrono::high  _resolution _clock ). Compilation is per-
formed using the Gnu Compiler Collection (GCC) at optimization leveD3 We enclose calls

to the algorithm between calls tostd::atomic _signal _fence using sequentially-consistent
ordering; this avoids instruction reordering around clock reads.

4.8.3 O ine Execution E ciency

Elastic scheduling can be leveraged in situations where a task set is compressed o ine for
scheduling on an overutilized target system. To consider this case, we evaluate the execution
of our algorithms on a server running Linux kernel version 5.4.0 and having two Intel Xeon
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Gold 6130 (Skylake) processors running at 2.1 GHz, and with 32GB of memory. For these
experiments, HyperThreading remains enabled to leverage all available parallelism provided
by the system | 64 logical cores.

Approximate Algorithms

We begin by executing bothElastic-FP-Efficient and Elastic-FP-BS  sequentially

in a single-threaded environment over all 22 000 task sets. For each task set, we consider
values of that divide the compression limit ™ respectively 100, 1000, and 10000 times.
Mean execution times are illustrated in Figure 4.2, and median times are illustrated in
Figure 4.3. Both algorithms are quite e cient , With mean execution times remaining
under 4 milliseconds for tasks with minimum utilizations assigned peé8cale and under 15
milliseconds forDRS . For larger values of , iteration is more e cient on average than binary
search; but as gets smaller,Elastic-FP-BS  becomes faster. Worst observed execution
times (WOET) and maximum total calls to RTA'? are listed in Table 4.3.

Scale DRS
Algorithm | M= [ WOET (ms) | Max RTA Calls | WOET (ms) | Max RTA Calls

Elastic-FP-Efficient 100 0.90 122 1.53 200
Elastic-FP-Efficient 1000 2.14 1021 8.15 1099
Elastic-FP-Efficient 10000 14.0 10023 74.1 10101

Elastic-FP-BS 100 2.38 700 3.50 700

Elastic-FP-BS 1000 3.47 1000 3.95 1000

Elastic-FP-BS 10000 3.87 1400 5.28 1400

Table 4.3: Algorithm performance comparison on Xeon-based server.

As expected, algorithm running times are closely related to the number of calls to RTA. We
also observe that when minimum utilizations are assigned to tasks using the DRS algorithm
instead of our Scale method, the worst-observed algorithm execution times are higher,
despite the number of calls to RTA remaining approximately the same. This can be explained
as follows. While both methods impose the same upper bound&0) on the total minimum
utilization UM on average forScale , UTIN is half that of DRS. This allows more elastic

tasks to compress farther on average, which results in less interference on lower priority
tasks, allowing individual calls to RTA to execute more quickly.

12performing response time analysis for aingle task counts 1 call to RTA.
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(a) Elastic-FP-Efficient , 100, Scale (b) Elastic-FP-Efficient , 1000, Scale (c) Elastic-FP-Efficient , 10000, Scale

(d) Elastic-FP-BS , 100, Scale (e) Elastic-FP-BS , 1000, Scale (f) Elastic-FP-BS , 10000, Scale
(g) Elastic-FP-Efficient , 100, DRS (h) Elastic-FP-Efficient , 1000, DRS (i) Elastic-FP-Efficient , 10000, DRS
() Elastic-FP-BS , 100, DRS (k) Elastic-FP-BS , 1000, DRS () Elastic-FP-BS , 10000, DRS

Figure 4.2: Mean algorithm execution times on Intel Xeon Gold 6130.
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(a) Elastic-FP-Efficient , 100, Scale (b) Elastic-FP-Efficient , 1000, Scale (c) Elastic-FP-Efficient , 10000, Scale

(d) Elastic-FP-BS , 100, Scale (e) Elastic-FP-BS , 1000, Scale (f) Elastic-FP-BS , 10000, Scale
(g) Elastic-FP-Efficient , 100, DRS (h) Elastic-FP-Efficient , 1000, DRS (i) Elastic-FP-Efficient , 10000, DRS
() Elastic-FP-BS , 100, DRS (k) Elastic-FP-BS , 1000, DRS () Elastic-FP-BS , 10000, DRS

Figure 4.3: Median algorithm execution times on Intel Xeon Gold 6130.
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We also observe from Figures 4.2 and 4.3 that for larger task sets, execution times associated
with Elastic-FP-BS increasefor sets of tasks with lower total maximum utilizations. This

is due to the fact that remains closer to 0, and so the search primarily proceeds downward,
meaning that fewer tasks are added to the s& for which RTA can be skipped due to being
schedulable at |, .

Comparison of MIQP Algorithms

We next compare the performance d&lastic-FP-MIQP-Joint and Elastic-FP-MIQP

We execute both algorithms over just our generated task systems with 10 tasks. The solver
is con gured to execute in a single thread, which allows us to run separate instances of the
algorithm sequentially on 50 of the unused logical cores on our server, splitting up the work
of compressing all 2200 considered task systems. The solver is con gured to terminate if it
has not converged after one hour of execution. Execution time distributions are illustrated
in Figure 4.4. Table 4.4 summarizes execution time statistics, including listing the number
of times Elastic-FP-MIQP-Joint timed out after an hour.

Figure 4.4: Comparison of execution time distributions foElastic-FP-MIQP-Joint and
Elastic-FP-MIQP for 2200 sets of 10 tasks.

92



Elastic-FP-MIQP-Joint Elastic-FP-MIQP
Scale | DRS Scale | DRS
Mean Execution Time 117 s 93 s 254 ms 183 ms
Median Execution Time 403 ms 161 ms 220 ms 147 ms
Maximum Execution Time | > 1 hr > 1hr 169 s 1.73 s
Number of Timeouts 30 25 0 0

Table 4.4: Comparison ofElastic-FP-MIQP-Joint and Elastic-FP-MIQP for 2200
sets of 10 tasks.

We observe that both algorithms complete somewhat faster on average for tasks with mini-
mum utilizations generated according tdRS than for Scale , but that in the worst case,
Elastic-FP-MIQP completes slightly faster forScale , though these di erences are not
highly pronounced. More importantly, the joint MIQP is extremely ine cient com-

pared to solving an MIQP for each individual task. For those task sets we con-
sidered, the mean execution time foElastic-FP-MIQP was 459 faster for Scale and
510 faster forDRS compared toElastic-FP-MIQP-Joint . In the worst case Elastic-

FP-MIQP was at least 2080 faster; sinceElastic-FP-MIQP-Joint timed out for 2:5%
of problems, we cannot report the actual speedup.

MIQP Performance for Larger Task Sets

We have observed that the number of constraints used in the quadratic programieiastic-
FP-MIQP-Joint  makes it infeasible to use even for o ine compression. However, the itera-
tive Elastic-FP-MIQP  , which might invoke the quadratic solver for each task, nonetheless
uses a simpler expression of the quadratic program that makes it feasible for sets of 10 tasks.
To evaluate its scalability to larger task systems, we apply it to our generated task systems
of up to 50 tasks. Again, the solver is con gured to execute in a single thread, and we
split the 11 000 considered task systems over 50 logical cores. Execution time distributions
when applied to tasks with minimum utilizations assigned according t&cale are plotted

in Figure 4.5, and in Figure 4.6 foDRS.
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Figure 4.5: Execution time distributions for Elastic-FP-MIQP for sets of 10{50 tasks
with minimum utilizations assigned perScale .

Figure 4.6: Execution time distributions for Elastic-FP-MIQP for sets of 10{50 tasks
with minimum utilizations assigned perDRS.
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For task sets with 20 or fewer tasks, the algorithm consistently completes in

under 5.9 seconds. Even with up to 40 tasks, the algorithm nds an optimal value of
in under 6.1 minutes forScale and under 3.3 minutes foDRS, while remaining under
26 seconds 95% of the time for sets of 40 tasks.

However, for systems of 50 tasks, the solver may be slow to produce the optimal solution.
For 95% of task sets with 50 tasks, an optimal solution is returned in under 91 seconds for
Scale and under 66 seconds fobRS. However, one of the task sets fobcale took 145
hours to complete, and one foDRS took 5:4 hours. The algorithm took under an hour for
the remaining task sets.

4.8.4 Online Execution E ciency

Elastic scheduling can also be used for online adaption of task rates, e.g., when admitting
new tasks on a fully-utilized system, or when task execution times change in response to dy-
namic exogenous factors. Despite its precision, the uncertain execution times associated with
solving the MIQP make theElastic-FP-MIQP  algorithm unsuitable for online scheduling
decisions in real-time systems. We consider instead the worst observed execution times of the
Elastic-FP-Efficient and Elastic-FP-BS  algorithms when running on an embedded
system. We apply both algorithms to each of the 22 000 randomly-generated task sets, again
using values of ™= in f 100 100Q 10 00@.

We measure their execution times on a single core of a Raspberry Pi 3 Model B+, using
the same system con guration as the evaluations in Section 2.4.1. Algorithms are compiled
statically using version 10.2.1 of the Gnu Compiler Collection (GCC) at optimization level
03 To avoid interference from other processes, we disable real-time throttling by writingl

to the le /proc/sys/kernel/sched _rt _runtime _us, isolate CPU core 3 from the sched-
uler, and run our algorithms on that core at the highest real-time priority under Linux's
SCHEPBIFO scheduling class.

For each combination of size, maximum utilization, and method of assigning minimum uti-
lizations, we take the worst observed execution time (WOET) among the 100 task sets tested;
these are plotted in Figure 4.7, with a summary provided in Table 4.5.
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] Algorithm | M= | WOET (ms) Scale | WOET (ms) DRS |

Elastic-FP-Efficient 100 4.28 7.10
Elastic-FP-Efficient 1000 9.98 42.9
Elastic-FP-Efficient 10000 69.6 399
Elastic-FP-BS 100 9.69 12.0
Elastic-FP-BS 1000 13.9 15.3
Elastic-FP-BS 10000 15.5 20.2

Table 4.5: Algorithm performance comparison on a Raspberry Pi 3B+.

Similar patterns emerge to those we saw in Section 4.8.3. As before, the iterative algorithm
outperforms the binary search for larger values of, but as decreasesElastic-FP-BS
begins to outperformElastic-FP-Efficient . For ™= =100, Elastic-FP-Efficient
remains under 5 ms even for task sets of size 100 §wrale and under 8 ms forDRS; and
for M= =10000, Elastic-FP-BS takes less than 16 ms fo6cale and 21 ms for DRS.

We again observe that the execution times associated WibRS are signi cantly higher than

for Scale . This is especially true for the iterativeElastic-FP-Efficient algorithm with

smaller values of ; for ™= =10000, the algorithm takes 57 longer for task sets with
minimum utilizations assigned usingDRS compared to theScale method.

Nonetheless,the low overhead suggests that either algorithm may be e ective

even for online compression  of large xed-priority constrained-deadline task sets on low-
power embedded hardware. Appropriate selection | usingelastic-FP-Efficient if low
granularity is acceptable orElastic-FP-BS if higher granularity is desired | guarantees
a solution is found within about =50 of a second in the worst case that we observed.
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(a) Elastic-FP-Efficient , 100, Scale (b) Elastic-FP-Efficient , 1000, Scale (c) Elastic-FP-Efficient , 10000, Scale

(d) Elastic-FP-BS , 100, Scale (e) Elastic-FP-BS , 1000, Scale (f) Elastic-FP-BS , 10000, Scale
(g) Elastic-FP-Efficient , 100, DRS (h) Elastic-FP-Efficient , 1000, DRS (i) Elastic-FP-Efficient , 10000, DRS
() Elastic-FP-BS , 100, DRS (k) Elastic-FP-BS , 1000, DRS () Elastic-FP-BS , 10000, DRS

Figure 4.7: Maximum observed execution times on ARM Cortex-A53 (Raspbery Pi 3B+).
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